
MATHEMATIES FOR COMPUTER SCIENCE

LECTURE l: introduction è Proofs

What is a proof? A proof is a methad for escertaning

the toth. There are many methods across society i serence.

? Experimentation è observation

? sampling! counterexamples

? Jurces or judges

?Mathematical proof- a verfication of a proportion by a

aborn of lagical deductions fren a set of arranes

Defaution: A proposition is a statement whuch if eitter Trac on Fla

ex: 243=5

the value of

a varrable

2

3

:

20

43

47

53

461

But this an't necessanly

tre just because ou

escmples all check outi

a'ul dovransly fals



En?

Ex.

-6"

*c"=d" has no panture integer solations

Enter conjecture, disproved 28 yees later.

a 95800; b= 27, 611; e= 44,560, dr 422, 481

Ja,b, ad El, a"-l-end" en trac!

813(X-y)= E has no positive utages solutions.

Fats, but smellest counteresample has mart than 1000 dipts

Tus equeston re an diptic curve, unportant on large unteger

factonsation è thrafere cryptegmphy.

56

The regior of any map can be coloured on for cabour

such that adjacent regions have different colones. Mang felos

proofs, brute forced by computer in the tos.

Ex Every postme even integes except 2 is the sun of two

primes. Goldbach's conjecture; stll unproven. Reemen hypotlesis

seamarat unproven

WHaT Doks "IMPHEs" MEAN?

As implication p=a " trac if

"'For q"T. Very aulewed!



??.

82 < 2'

Fabe!

Trath table

P

T

T

F

F

T

pera

?

F

F

T

Axiane: A propaston assumed to la true. Our basic

mattematical coruptions!

Ex

If ast! bic, asc

Euchdeen geometry- given a line l! a parat p

not on h, there is exectly one hire through pUd

Sphascal geometry, gwen a lose lE a perst p

not on he there is Me lime through plie

Hyperbabe geomeing - glea a line lè a part e

not on l, there are infratdy many lones through plie

Each field is marking off different auromes



Arous should de

1. consistent

2. complete

A set of anons is conistent of no siaterent em

be proved both true E false

A est of asians is complete if it can be uscol

to prove that every proporton in the theary's language

? decidable from the axions.

Gödel's incompleteness proof shous thet there is no net

I anions that is both conoustent i complete chuck in strong

enough to encode book anthmat-

LECTURE 2: Induct.on

Direct proofs start with arrass, mark thrayh logie, fed

your way to destration

nobrect proof: alternate strategy

Proof by contradiction: assue the gloits of what you

want to prove, work throng it until you manage to desire

a contradation. If fole = true,

starting assuraption is wrong!

of IP = F is true

F37P trac



Ex. Theren: 52 i rectional

Proof (by cartradiction):

9 Assute that Sa=/6; fraction nn brest tons

2=

2ã: a = 2. ever ? a even (2la)

(412)= (41259 = (286) ?6 eve

? alb is not a fraction i barest terms

@ False: SE is not rational. DED

faloe

A, proof that 90r92.

We take tan tragles with

total area so è dunde them late four trangles woth

are greater them 90, By "consertion of area" amom, 90192.

= tota area: 90

=totd area: 20+26, 2a=8x (112")

22 = 24(2*

i total are 792 iP

The track here in "2it"' - if you did the matter of

would be 1.i.

ther

10.6=9-1872=90 mack "

fine

Pont dra preteras for proofe



Induction: The mast powerful I commandy used proof

techraque an computes scence.

Induction aviani let P(n) de a predicate. if P(O)., true

and VnGN (P(x) => P(n+1)) is true then VaEN P(a) truse

ie. if 8(0), P(0) => e(1), "G) ? P(2),..., P(n-1) ?P(4) are trac

then P(s), P(z)... P(uti) ar trac

? 8(x)

Dominoes

Theorer: Vnzo

1203... no "a"

(don't get caught out by notation)

1*2+..an =0

check n=4 = 1203a1=10, (4.5)/2=10 V

Proof (bay indeetion):

Let p(1) he de proportion that fi sai

Bose case: P(o) "o trac?

Inductive step: for 120, shan P(n) = P(n-1) i true

Assame P(a) true for

purposcs of induction

10019/2-101 (=3013)



induction audit redly help us undoetending aly the theoren

was true. A proof of arrecteas, not of dictanl

Theren: 4- GN 31(n'-m)

Proof (ly notection)

let P(A) be 3)(a'-n)

BASE CASE: n=0, 31(0-0) v

INANCTIRE STEP: FOr nIO, sham P(A) = P(A+I) " trae

Assure P(a): 1e

31(0)

use predate is sipes 3

3l essed

Our bace case doest hare to be P(0). Maybe it's

P(6) Is True. Then udnewe step wandbe Unzh

P(n) ?P(ars) i conclusion would be than Wall P(A)

very starting pant i verff uplications for i begand

that paint



False Therer: All horses are the some colom!

Proof by induction

Pla): a ang set of a horses, the horses ore all

the sane color

Base casc: nil for any set of one horse, horser el

seve color

Indective step: Resure P(a) to prove P(ati)

Consider, set of atl horses Hi, 2, Hasi

N. "7...4

¿by agametry "z,... Hars

sate color

sane color

P(1) => P(2)!

sunce Mael has save color or Hi, all hones "

ect shere caler. QED

H, ... +,

13 Just We

4-TWIS IS BAGE CASE,

Hz,... Ha..

Ha, He is empty set.

.: P(1) # P(2)

Lest enemple will eive uduetion to sham that there

a Solution to a problen & also fad thet solution.



Ex:

Courtyand

need to tile conrtyard

with fo-shaped tiles

passable for n=2.

Theoren: for all n, there crusts a may to tile a

"'x2' courtyard with e center square messins

wang La-shaped tiles

Proof! eCs

Bast case: 980) ? IT 1 mosing tike r

Inductive step; For n70, assume PCA) to prove P(M+)

show

P(14l) is true

courtyard - show that we can tile

2a0l

nev space

2*

raduative hyporasis cit be

ased such do tale missin

2"

bat.. take a corner out of

each, fill al 1 tile, ther

ust ind. "gporlesis... but

the statue on't in the centre.

Go back to hypotleris!

Prove we can do it with any square

masing - this is tre Now me cas do ntz

center ba rotation. Thus makes P(r) nore

ponerful!

Genesel male: of you're strugshag, try a stronger hypotteris



Problem set 1

1) Translate the fallwing sentences from Engluh to

predicate logie. The doman yo are working aer i

X, the set of people You may woe the function sa.

meaning that iX has been a student of 6.042, Als),

meaning that "X received an A la 6.042, T(t), messing

they're a 6.0h2TA TA I EXtry), meany "rEy are

the some pesson."

4) There are people who have taken 6.042 and

have gotice to an ford.

7x G X(Sx) ^A(x))

b) All people who are 6.042 TAs i have taken 6.042

recieved so.

V xG X(S(x) ^ T(x)) =>A(x)

5) There ore no people who ore 6.042 TAs who deal

not receive As n 6.042

d) There are at least three people who we TAs.

6.042 4 have not taken 8.042

7 xy,= EX(TE(x,g) ^1 E(y=) ^7= (7,+) ^ T(x)sT (y)^T (z)

175()176(9)175(z))



2) Use a Truth table to prove or desprove the

followny statesats:

0) - (PY(Q^R)) = ("P)^ (^Qv?R)

uzng troch table belon, caluan Dé@identicol,

30 statement is TreuE

3) T(PA(QVR)) = 1Pv ~ TR)

ating tratt tolle belam, calm DiO sot

dcatical, so equality es FALSE

R

"rA.

T

"Pra

/ .+

PaPrub.

F

nuur...

F

F

F

P kr



3) The buary lagical connectiues 1(and), - (or), and

? (replies) apper often not just in computer prospams but

also endinary speech. la chip desiga, homere, it is often

ampler to construct these fror nand, inhuch has the folleng

trath table:

PER

F

F

T

F

F

a) For each of the falaming expressions, find an

equivalent empression warag only sand ? 1 (not).

i) A ^ B => 7 naud (A,B)

il) A VB => nand (TA, TB)

li) A ?> B => nand (A, 7B)

b) It is actually possible to express each of the above

woung only nand withat the I operator. Find an

equivalent expression for MA using only nand!

parentheses.

rand (A, A) should cover it?

6) The constants true ? felse thenselves may be expressed

easy naed

wang only nand, Construct expressions that almags evelate

to tree or false regardless

of inpat A.



3) = cant) Tree will almags fre of me mand Airs

:: T» nandA, nand (A, A))

F? rend (T, T)

4) You have 12 cans, one of whuch is false, and a belames

scale. All real corns weigh the save; the felse can is lighter.

They are othere indistaguishable, Detens a stategy to

deckily the fill cam wing of most s meighings.

WEIGHING Is tale for rando core ! weigh agorast

four randon cons. If one side is

lighter, me know com is in group. if

equal, me trow can i in mmeghed grap

WELGWING 2: piek tue random cans fron the

four we know to conten the false

can. If me weighs less than the

other, we've fand the false can.

ortermiss, weigh the two leftover

cous

WEIGHING 33

We have the corns left, so we're

gauranteed to fad the false one

here of me havent already



3) Prove the fallamng statement by prong its contrapastme:

of a is unetranal, then Ys i irratondl.

contreposture: of a 1 ratoral, then 's i retonal

i. can be expressed by utegers, provug contraportive

statement, so aqual staterest is also true

4) suppose that wan'age, where or ye a oN.

Prave the propestion that a is ever of f only of mir,y

are even.

4224422°

CASE 2,34: ONe ODD: (21+1) - 25=24= =°

4? +4: -1+47-??": 3°

ever

l+ evers odd : Zis odd

integess

Unat an intege

i. whate gramp not ut

or Ye ? z cast be int

CASE 8: AL oDD: As 234 bet+ 3 ged



LecTuRE 3: Strong indust.on

A proof will have seven characteristic (ideally)

? correct ? bref

? mn order!

?complete "'"legant

? deas

? well-organesed (lemmas like sabrantines)

A good proof is hke good cade, me ment to be able to prove

one code marts! see 8.006 :). Olmandy softwere lugs cen be

very led! Yard of publoked proofs con entmated to have

flaws. Even the world's best mathematices make mistakes

Proof "techniques to enad

#10: Proof ma krtcher sunk

* 9: Proof ma example Gaz as general)

*8: Proof ma Ngourous handward

t7? Proof via cambresene votation

#6: Proof via exbocation

#5: Peoof via prussion: "the deterle may be earry supplical"

*4i Proof vie prature

#3: Proof via velement assertion

#2: Proof era appeal to intution

* 1: Proof via reference to authority



Fermat's Last Theorem:

· n>2 r3 x,y, = ? N*

"I Lace discovered a marvelous

past of this result that cannot

for in thus mergin.

Problem: Find a sequence of mares ta go from o to

A

P

F

E

F

H

Legel move: slide a letter into adyacent blanle square.

(i assume there's a proof that this is unsolvable)

correct! There is no sequence of legal moves to muert

GÈ le and also return other letters to angual postians. O

We use on nucrant which hable at O I every possible

step, so that anly steps which preseve the merant ene

recchable

Turo kuds of move: now? cal. Tou moves cannot change

relative ordering of items! (Take this as Lenia 1).

Proof of Lemmal: la rom move, we move an item in call

i to empty adjacent call in or it. Nothug else moves.

Hence the order of the items is muarant.



A

A

C

Columen noves:

HGE

change orde-: skofts

F

E

ENG

H

H

G

?tem by +2 or -2

so (1,2,3) ? (2,3,1)

??, (3,1, ?)

A

colom more changes

BCD

reletue order of

D

G

CDB

pressaly twe pars

H

F

F

of steus ? cemna 2

Proof of lemma 2: la a calent mave, me mave al

item in cell . ta a blant spot un cell in or i+3.

when an item manes three partions, it changes relatore order

mith items in i-2, int or itt, inz.

imarcant: A par of items h, èl he fara an uverted per

of h, preceeda ta la the alpheloct but oppears ofter h

in the pozale. beres 2 says that duny a more, the

mamber of iversions cas only merease ly 2, desease by Z?

comsT

or reman the sane. ": parrty of inucrsos, inverent on move)

Row move! no changus (herma 1)

Cal mave: Ai bott rauerted parrs un andes engimally! Inv"2

B: both parrs muerted angunally' Inu-z

Ci ane pair evertel, ane not i Inu

Adling or andtracting & does not charge party. (Carrdary")



In every configunation reachable from start state, the

parity of number of concrsions remoras the same Proof mall

be by induct,on Craverant proofs aliays by nduction).

Proof (by moluction):

P(a): After any sequence of a moves, the parity of the

number of mmersions remans the care as starting

parnt

Besc Casc: DiD = #inversions retans party of starting

state v

inductive Step: For n30, P(1) => P(a+1)

Canades any sequence of nor moves m.,Mz...., Mani

By P(l) we know parity ofter move man is save

a startug state. By Carolary', Marl move

cannot change parity of mumber of inversions.

.: panty of nunto of nversons aftes ma. mores

"Same as un starting state i. PG) = P(nal)

We nos have the tools to pran O.

The party of the numbes of inversions of the

target state 1a even. By abous, desree state camot

be reached from start stete wang legel moves, because

startray party of mvessions is add. RED



Use nariasts to ensure you never reach underreable

or hazardons states.

STRONG INDUCTION AXION

Let PG) be ay predecte. If P(0) 1 true e, Wa

(P(0) ^ PCI) 1... AP(r)) => P(101) is true, there ya P(n) is true.

Difference 1 the charn of implication- many more cosumpt, ant!

All strong nduction proofs can be done ull "stadord noneton

Unstacking gave!

8

pts: 15

44

3

4

go until you has so istack

28 pants available i Thark?

All strategies for an n-block gone produce the same

n(a-1)

score 5n. Ex 5z= 28=

2

Proof by strong induction

Play all strategies of ablack gave produce sore (t

Base Casc: n=l S()=0

hduatue Step: musme PO) ^ P(z) A... ^P(A) = P(^?1)

look at nul blocks

hol-k?score is (nel-k)k

+ P(K) +P(n? 1-16)

expand scorc:(It 12k. 2k-k'k. (191)n-44-k-la+45)/2

AL THE DE CANCEL!



Problem set #2

1) Define a 3-chara to be a (not necessorily contiguo-s)

subsequence of there integers, which if either manator,cally

increasing or decreesng. We will than here that any sequence

of fore distuct integer will costern a three-chann. Write

the sequence as are aze as, an, as. Note that a

manatosedly increasing sequence is one in chuch each term

I greates then or equal to the previous term. Decreasing

subsequences are similar. Finally, a subsequence is a

requence derred fram the orignal by deleting some elements

a thant otherwise carderag.

a) Assume that a, dAy. Show that of there i no

Three chors in our sequeace, then as must be less than

az» as or mmedately there s

8-chem

an'ag or immedrately 3-chard

i of agra, e a-chas of a cage ag

? a,a, or 3-chan gucranteed

b) Sham that of a, 6az

E there is no 3 chers in our

sequence, then as can cas

of audaze a da, day immedeetely is s-chera



I cant) a) Assumug ander! agcaylan, show that any value

of as must result in a 3-chain

?3-chan suce anae

d) Using the prenove parts, prove by contradiction that

any sequence of fire distract utegers must conten a

3-chen

Proof: Assure sone sequere S does not conten a

3-char

? ?Fa, daze pronous mark shous & must carter

a s-chan

? of arraz, set s'= tan an ag, ay, ars

#3-chans a S'= # 3-chenre in S

16, as none ezi guarerteed a 3-chara

:: 3-chen guaranteed for all requences

2) Prove by either the Well Ordery Praciple or induction

that for all nonnegative utegers, ni

P(0) = 0



( cant)

Show P(n) => P(n+1)

.20

? (5) - (14)

*(=016=460)

::true for all passtive a by indration

3) The following problem i farly tough until you hear a

certan one-mard clue. The solution i elegest but treky.

Durg 6.00, the students are sitting in an am good. A

Sudden outbreak of bears fin causes some suderts to get

infected. Here i an example where nil i infected students

are marked """

*

Now the ufection begins to

spread every munte, in discrete

tine-steps. Two stadents en considered

adyocent of they share an edge; each

student is adjacert to 2,5, or4 others.

A student is infected in tal of erther

? Thy were already refected of

? Thyis edgaient to 2% infected students



3 cort) u the example, the

x

infection spreads as bela:

x

=>

=>

x

x

x

In thus excople, over the nest

for time-stups all the students

in the cless become infected.

x

Theores of forer than a students

x

esc ntrally rfected, the whole class

mll never be completely infected.

The inverant is the infecton perimeter. If this "

traly inversant, wa can show me need nor more intral

infections to cover whole board by

PrARGE" 4A PEMAN= 1?4

of isn, (n-1) 4=40-4 & PrARGeT : Taget unreachable

Neat step is to show un nduction that the wifect.an

perimeter is marast.



? cast) Let I. be urtial infection permeter

P(+) is the proportion that after t steps ISI.

Base casc: P(0) ?I"I. ly defrt.an

Inductive stop: P(t) ? IGI.

8(4+1) ? 14

show this

Ital anly changes with infechans. for each infected

square, It can grow by at most 2. But in that

cres, it decreases by Z smattanady. : ItSI

:. Theores is proved

4) Find the flow on the follarag bogus proof that as 1

for all noneatre integers n, whenerer a is a nonzero

real number.

Proof: (by indection) P(r): UKSn; akal where k

Base Case: a°=1 V

' a nongatie integer

Inductue step: a"al for all tE N such that ksa

The an an

='

?? P(n+1) hobls

flawi take nil. Then all is not a nonegatue

miteger, and the inductue step no longer holds



LECTURE 4: NUMBER THEORY I

Nember theary; study of rategers 0,1,2,3,...

Extremely impartest in cryptography

Def: ?/a (m divides a)

off 3k such that ek-m

e=0=0m : no for all a

suppose me haue an engallen jag i a bigallan jag,

with a=3 ? bas

O if ma? mlb, then al any rault we can get y

mampulating the jugs

State meching, States- pares (x,1), where

*=# gallans in a-jagi y # gallons a b-jag

Sterting state: (0,0)

Transitions: Fill jog, empty jug, pour one jug to another

»,y ->e, y 7,9-70,1

» y ? y,0

x, y ?x, b

xey-b, b; else

*, y

O We can sham tur using induction

a, x'y-a; ebe

?inverence on the above stetes.

a=3, b=s (0,0) ? (0,5) ? (3,2) ? (9, 2) ? (2,0) -

? (2,5) - (3,4)

gut four

galass in b



Show by unduction: Assume ma, mb

invariant: P(n)= "If (ung) 1 the state efter a transition,

ten m/n ¿ mly"

Bese casei (9,0) E Mla un all cases; 8(0) 1a tene V

inductive step: Sha P(a) = P(nN)

*a, yn) I the state ofter n transitions

:. m/x: mly, are assumed

After anothes transstion in. can be...

Lo, a, an, ya, dage, taryat è yer can be...

20, 6, ??. "?? ??-??-?, ?????}

Jo-xa-a }

everytang in Yaas nynes is a lucer cambuntion

:: P(1) => P(141) QEP

"airy this result

Problem, 201è b=55 - co me get "l glans out? no:

DeR: GCD of (ayb) " the greatest common disor of a !

as3, b=5, ? ged (3,5) =1

ged (44,52) =4



(a, ")

Def: Relatively prue numbers ere pars, with GCD(a, b)es

asconted: any loneer combrnation Lasaoth of all with

OSLEb: asb can be recohed.

Ex: 4=(-2)3-2.5 ÷ 4 can be reeched (already seen)

But we recty want a possue! 5 3-1524

Shan: Notice me can reunite L= sa+th= (samb) a " (t-ma) b

So fit such that basa-t'b with s'se

Assume 0 6L6b

Algorium! To obtain l gallons, repeat s' times the

fallouragi

? Fill the s-jug

? Pour the e-jug into the b-jag

? Where b-jug becomes fill, empty it ! contrue

pouring until a-jug cmpty.

First loop' (0,0) ? (3,0) ? (0,3)

second : (0,3) ? (3,3) ? (1,5) ? (1,0) ? (011)

Third

: (0,1) ? (3,1) ? (0,4)

We've filled the angallen ung i times

Suppose bijug has been emptied a tues

Let, be the remander in the bijag



L=s'artb; me want to axpress run -

mustbe zero to fit in barads

it's-u i rasattb=l; the algantho can reach ary

suncer combination L.

58°

1=2-3-1.5 ? any number of gallons can be reached

Euced's Algorthen

quatest

Gremander ren(ba)

for any a i a, there emats a unque a I much that

b= quate with the property that osesa

Lemma? ged (a, b) = god (rem (b, a), a)

ged(105, 224) = ged(rem (224, 105), 105)

= ged (14, 105)

= ged (rem (105, 14), 14)

= gael (ren (14,7), 7) = 7

Sham D: suppose ala 4 alb, the M| (b-qasren(b,a))

this shows g(a, 6) 5 ged (rem (bra), a)

get lamer

bound

If ren (ba) 10, then Im| a 1m|6] =7

else, b-ga=o, "po i bala, masamb



ged (a, b) is a lunces combination of a fb

Shore with induation/ uncrant

PG): of Euched's alganthem reades ged (x, y) after

" step, both xly are lucer contrators of a i bi

ged (a,b) = god (v.o)

Base easci l a deps xia, yib; all conditions hold

by inspection v

Inductive step; Assume P(n); show P(n) => P(a91)

Notice darenly,)= y-g* ? hear canbination of

Eused's Lemma shals ren cast

= P(a) ? P(me)

Theoren: ged (a, b) is the smallest positive linear combernaton

of a ? b.

LECTURE 5: Number Theory I

? Encryption

? Moduler Antametic

? Euler's tatient fuction

? ELSA



Encryption: beforchand, kegs are exchenged betucen

recever il sundes. Encryption la an algoritten wach transforms

messages wing tese begs, m'= Furgs (m)

Decryption: reversing m back into plantert. m=D,

Agents intercepting in should not be able to entreet ay

information from thek messages. use of muber theary

for encryption propored by Alan Turry.

Turny's Code VI

"victory

(changes m ista a prome number

m = 220f03... 25 13

Easy to force nn è prove a is prime

Beforchand enchenge secret prome l. Enc: m'= mh

Deci m=

M'is the product of two very large proes, It's hard

to factor the product of tho large proues,

Prablemi attacker les mil ma= m.k, mak.

find k by ged (m", m2') al er Euclid's algorithan

?? Vu not secure

Turing's Code V2

Beforchaud; exchange a public pome pi a seret

prome k. Encryption: message es a numbu m GlDi,...,p-1}

m'= rem (mk, p) = m=? E= need moduler arithactic



Hard to factor product of two lange primes

a,b relately prome if ged (a, b)il iff 7, 5artbal

sE%

sortef.

not appor

*. "congruent" to

- read meet tate off 11(0g)

Ex 31516 (mod 5),

The multipleatue inverse of t mad a lo a number t

in fo,1..., noid such thet axel (mod a).

Ex: 2.351 (mad 5)

288" (mad 5) = 3=2" (mad s)

5.5 = 1 (mod 6) = 515" (Mad 6) I 5. its aan ult.

inverse in mad 6.

rem (mk, p) $ mis (mod p) y

can ust this to thak about

The eacryption problem

ine. of me have a mult, nuerse, not alugs the cose.

since mE Lo,.., p-i}, ma rem (m'k"

"P) es decryption for

Attack: if me know at enemple of plastent Foring vz!

¡ an encryption of the sone message an i ren(ale, P)

m'= m. l (mad 5.

god (mp)"; use D to compute mult. inverse such thab

mm's 1 (mod p)



m'n" = kmn"=« (mad p)

compute 16 (mad p); all fnture messages are decryptable

So we need to so much deeper to make more secure

encryption schemes.

Euler's Totient Fraction

Pu derates the member of integers in 21,7,3,.... n-13

that are relatively prome to n.

Exin=12: 12,3,4,5,83,8,9,10,,12 q12) =4

0=15: 12,3,4,5,6,38,9,10, 1,12,2, 14, 15 $(5) 8

Ex

where Piipe..., Pa ere distint prime factors of a

*(3)= 12(1-2)(11)=4

Lemma of ged (n,k) =1, then a kIb.k (mad 1) = aib (mad n)

Lemma: ged (n,k) = 1, iff k has a mult.plicatire inverte

ma: suppose the ged all. l ... on ... ais

denato integers relatively prime to a (rip(a)).

8 r

S= but if subset lenyths

sane, equal



Pf: rem (K;k, a) = rem (KiK, a)

show only possible of kiskj " then me have exactly?

remardess

K; K= Kjk (mad n)

= Lemma OK; I kj (mad n)

= kj=k; becaase ki,kj ? Lo,...,m-1}; ~|(k;-kj)

:: exactly & remander terms in Erem (16,, a),..., rem (K, k, m)}

then ged (n, rem (k;k, m)) = ged (a, Kik);

Kik-an from Endeds algorithem work

ged (n, k) =1, ged (n, K.)=1 = no common davisor

i rem (kik, a) relatively prome to ni, must be E{k,.,krg

sunce Erem (vs,k.-),..., rem(K, k, r)} E {k....., ka}

É = terme in Erem (V,K,~),.., rem (4 4, ?) }

Érem (v,k.-),..., rem (k, k, n)} = Ek.,...,ke} v

Proof of Eulers Theorem .

Ki.... kg= rem (k, la)....'can (k,k,o)

prome to a

product a = K,k kak... Ank (modn)

:. has mult

? verse

= K.Kz...kr. k (modu)

1= k' (mad n), r=?(^) REP



Fermat's Little Theoren: Suppose p 1s prime and KEll,...p-ll

Then i'

5 ' (mad p),

Proof: {1,3,...,P-ls relatively pree to p because p poone:

1860) = 1 (mod p): #(e). p-1

= (mod p)

:. ?'= ?" (mad 4)

recesues

RSA: Beforehand,, generates puble key è secret key

I generate too detrat langa prosco pla

2. let n= p9

3. select e such the ged (e, (p-1) (9-1)) =1

=> publie keg is the parr (s,n)

4l. compete o such that dies/ (mod (p-ls(9-1))

= secret kay is pa.r (d, n)

Encryption: m'= ren("''

Ducryption: ma rem ((m'j", a)

Proofi m'= rem (m", 1) =m" (mad a) ? (mi) amed (mad a)

of MTo (mod P). apply FiL.T. =7m Il mod p la sailerl



Problem Set 3

1) = Use the Pulmerser to find integers sÈ + such that

135s + 59t= ged (135, 59)

rem (135,59) =17 = 135-2.59

rea (59, 17) = 8 = 59-3. (135-2-58)

ren (1768) =1-135-2-59)-2/59-3(135-259))

= 7.135 - 16:59

:: 3=7 ÷ +=16

" Use the previous part to find the merse of 57 mod 135

In the range L!,... 134}

17-16.59 (135), but -16 $ E1,..., 184}

rem (16, 135) = 111

e) Use Euler's theorem to find the inverse of 17 mod 31

in the range El,..., sos.

31 is pame, so

170% 1 (mad 31)

? dont lenou how to compote thes

82248

d) Find the remmender of 34

denaded by 43

34$(83) =1 fad 83)

82248/82: 1003 rem 2

:. 3462840

= 3i.34

1003.86

§ 344.1 mad (83)

= 77 mod (83)



2) prove the following statements, essunny all numbers are

posiove vitegers.

e) If alb then VG, albo

b= clE some partiue entager

in betake; alake r

b)if old and els, then al sbete

back, c=akz al sak, + tak= al a (skatha v

e) Ve, alb er cal ab

This is just trane by lacerty?

d) ged (ka, Kb) = K.ged (a, b)

ka+kb ces reach ged (ka, kb) with same lacer

combo s. kett. tb. K(sa+tb)= ged (ka, kb). then

seatb= ged(a,b) by cosunny satib!s ged(ab) e,

proving by contradiches. Then we-ub-ged (a, b);

0c a(ka) v(Kb) < a(ka) - TKb) : carub i not greetest

Then k(ged(a, b)): geol(ke, kb) "

3) In this problem, me investigete numbers which ere

squeres modul a prime number p.

a) An integer a 1s a squere modula p if there exists

another integes a such that iF" (mad p). Prove that

*= y'(mad p) off XEy (mod p) or xI-y (Mod P)



3) a cart) *=j (mad p) off play = pl (r-y)(*+y)

since p prine; Play Uplaty e

b) There is a sumple test we can perform to see if

a number is squee modula p. # states that:

Theorem I: Euler's Enteron

I. If an is a square madle of then a 5l (mad el

I. If a is not a squere madela p then ntil sal (mad p)

Prove the first part

Pi - a. a square macula p

:. *P"'= 1(mad p) by Fermats LotTe Theorem

6) Assume that p°3 (mad 4) and nix (modp). Guen a

¿p. find one possible vale of x

= (madPap: 4144307854

"''''= 1 (node)

There are pt numbers between o i pall that

ere divisible bay P? every such nunter takes the

form s.p? there of p' passible values of s in

the interval. Ther: Alp") =p"-'''' since it's comaties

mabers not divisible by p.



LECTURE 6: GRAPH THEDRY E CONDUCING

Graph theny- scheduling, communestion, Google page rank

Clam (u. Chicap): an average, American men have 740%

more apposite-gender pertnes than womes

Claim (ABC Neus): an average, American men have 253%

more apposite-gender pertners then womer

These cleme can actually be handled with graph theor

rather then puce pally

Graph

Defiation: a graph 6 is a

*,

perr of sets (VE), where

V is a non-emply set of stews

called 'vertices" or "nades" i fis a

V= [x... x*3

set of two-tem subsets of V

called "edges"

Ex:

?*.

G= (V,E), v= [x., "2,%,3, ei$

*2

? *3

A graph with three vertices i no edges

For a graph with edges two nodes are adjacent off they'r

comected by edges: Exi, "j3 6E. An edge E, = Ex;, ×i} is

sad to be madent to ta endpants o; È, lj. The deper

of a nade is the number of edges modent to that

node.



A graph is smple of it has no laps or multiple

edges botucer the same nodes. "hoops" here means an edge

which connects me nade to itself.

Beck to "oppaste partner' problem. Take nades as

People:

Men

IV=300mlhon

(vml = 147.6 m.lhon

(Vul = 1524 million

i: goaph a slightly mbalanced towerds

right side.

Let Am= average mukes of opposite-gender perters for men

Aw =

woren

what is Am/Aw! U Chicago say 1.74. ABC News say 7.53

But me cal work out directy: Am" Edel) /IVal

46 VA

= | El/1Vml

Aw = 1el/IVal

Ex

6.04)

6.042

6.002

6.003

l.comn

lasses studeri

verle

Erer Stats

?: 5-7.

w: 9.11

V: 11-1

6: 1.3

= 1.0325

casign slots to nodes



The scheduling problem is an example of a graph

colouring problem. Gives a graph 6è le colours, assign a

cobur to each node 6o that adjacent nodes all get

I.ferent colours. The moms volue of t for whack such

a colong exists is called ta chramatic number of 6: XG)

Lets call our slate {C,...cs}

6.041

6.002

? Cz

No fast algorithe for detering

6.00> C

a chromatio number - no complete! contes G6084 6z

Besie Graph-Colouring Algorithm

this chance matters!

1. Order the nodes from vi, "z/...un

2 Order the colones Er, Cz,...

3. Process nodes from is 1,3,..., a

Assegun lowest legal color

This is a greedy algorthn.

Theoren: if every nade in graph 6 has degree sel, bask

dorthn uses ot most dil calurs. (In C, dis)

Poof by induction! (try to induct on nodes or edges)

P(a): if every nock in an n-nock graph 6 has degress d

basic alganthe uses at most dil colous

Base cese! G,i lanade graph uses del colours

inductve step: n-nade grept al degree id usesdri

colours. ¿,,.., "n}



inductive step (cant); new nade is adjacent to at most

I other nades, with at most ol colours;

I c ? 26,,.... Can} anarlable for noda nal

i Basic algorithm uses at most dil colons

for graph of degree d. i>

Gr

d = 5

x(0x) = 2!

G.

d= 8

-

*(G3) =2.

(algantha does better

PGCA: 2

thee bound here

nd here

what about here!

(tro pieces XCG) = 2

Ten enderag of ca (a tipestita graph) results

af2 coburs after BGCh apphed!

Ex:

overlapping

radio tours

cant use same

frequency

=>

A e

-

/



LEGTURf 7: Matchung Problems

Def: Given graph 6= (V,5) a matching " a subgraph of

G where every nade has degrces.

Ex'

? %3

of size 2

matching

This grape elso smpports matching

*5

of sree 3, but not 4.

Def: A matchag i perfect of it has size lMl/2.

? 9.

? 9z

? 3,

{b, 911629816352, basess a

perfect matching.

la general me might prefer some metalings

ever others; me can represent this with

weights.

Def: the weyht of a matching M. Is the arm of the

weights on the edges of M.

Pep: A munmeght nately for graph & is a perfect

mateling for of that has the buest meght of all perfect

natales.

Bred..

suy-

Bab

Xie series

man: Brad - Semifer (0)

Bly-Bob-Angalao (1o)

Angelna

20



we'll look at a version of the problem with preffered

orders rather than anoights.

Brad ..

? Jenn.fer

suy-

Def: Gives a matching M,

Bab

= Angelna

»1 form a cogue comple of they prefer each other

oner therr parring in M. Greater instability. A matchag

" stable of there aren't ay rogue couples. (we trent

preferences as fixed over tune)

God! Find a perfect matchung that is stable.

For tarpertete graphs almags possible to create stable

matelung. For non-bportete graph 6:

D

Theren: if a stable matching for G

D

Proof (bay contradiction). Assure à M.

Then I matched with some nade. Wlag Ug syameting,

assune D-A. Bat then A is C's proffered charce

over & {.. A's preffired chance over P. i. Are

" a rague comple, and M is unstable. RED.

Stable Mamage Problem: N bags 4, M gorls; each gurd was a

ranked preference lot of all bags f vice versa. Wat is complaly,

no tres. Goals find perfect matching withant rogue complet.



{CREAD)

Ex:

incores o

{35214}

? {321473

Q$3512}

0{12345}

0{23415}

Try a greedy algorithm?

?:?, 2:?, ?:?, ?:?, 818

4-C, 5-B def rogue comples base!

There's no simple algeritten

thet works here but a mor

complex one doct.

Mating algartha (Gale-Stepley):

1) Propose: unmatched proposers offer matchry to

top choice on theer list (of list neat null)

2) Aceepil Reject: Reciprents tentetuly accept the best

offer evarlable, rect others

3) Upolote :

Rejectel proposers renove copandant from list

4) Repeat until only one proposes per recipient.

Use G-S on example:

z }

"' ABECD

3: DCBAE

?? ????

D.

34,5

5

-

2

1,4

3

2,1.

3

3

R

A : 35214

B : 52143

C 1 43512

P: 12345

S : ABECO

-

-

-

1

? : 23415

no rogue couples despite I-E berg "unlamppy" i Metaing"



would also lokc tame

y analysis

Proof of correctress: Necel to shon - I Termiation,

I Fall matching!@ No rogue couples

Thesen O: Alg. termnates in at most r'al steps

Roof by contradiction: suppose oly. fauls to termacte n mal

dogs. If we dost ternate, there was a rapient with

tina proposes who rejects aue; therefor a proposer removes

sapient fom thee hat

?: progress us measuable by crassants.

Is it possible to cross out nil names! " lots with an

Let P: "If a respondent 6 ever rejects proposer B, respondart

was a proposes they prefer to (s."

beans l' Pu an muenant for alg

Proof by induction on #.days

Base case: Day O "vecuously the

Induction step: Assume P holds at the end of steps. shom holdl

et end of sal

Case ls 6 regecteD on step sel

Wally posable of P true!

Gase 2: 6 rejected is before step sul

But P assued! i G had bettes proposer

on step 5, and so they have beiks

proposes then Ba-step sit.



TheorenS: Fall parnagofter olg. tornates

Proof (by contradiction): Assure that same proposer Bis

not pared at tomination. I must have bees rejected

by every respondant, Therefore all respondants must have

better sunters than B! So every respandant " parred;

but can't occur without B i parrys. Qft

Thesen I: Aly. produces stabk matching

Proof (by contradiction): let Bl o be any maatched

par. Case"' 6 has rected B. he thos

pared with proposer they prefer to ?.: No rogue couples

possible for case l, Gaze 2; & ded not regest is. In this

lass, i never propped to G, so they were parred with

toucane hugher on B's preference list!;, no rogue couples

posable fre case 2. All cescs covered, RED.

Is this algarithm far? Does it fonor proposers as respondants"

Let 5 be set of all stable matiles. St$. For each person me

define the rede of possibility for P to la [Q|IMEs, {0,Q36M}

For G=e

" not in rap for B, recuse any

A-B compling creates unstable matching.

Pafi a persois optimal mate in ther fare within r.o.p. Permales least!

Tearen 19: Aly, matces every proposes with opteal mete

Thes ren

respadent with perand nate



We'll asome @ The ! prove f

Roof of @contradict.on:

Suppose I stable motching M where a respondent ano

fares worse then n Alg.

B'M

G

6 favours B>B'

by 9, 1 favors

6>6°

Sinee is favours 6 È a faraurs 8, they create a

rogue comple, so M 1a not stable, whide contradicts

argnal supposition.

Applieations of Aly: Matauy medical studento to hospitals

Onlve dating

Traffic land balucing (Pi servers, i requests)

Problem Seat 4

1) Let 6= (VE) be a graph. A matelong in 6 i a set

MCE st. no too edges in Mere neident on a caremon

verter. Let M, Ma be matalogg of 6. Consider the nau

goph 6'= (V, M. UM.). Show 6'1s bipertate.

If no two edges are nodest on a coman verter, every

nade must be degree l. Sett evug parnag into sets

"do it a is the leftmest nade of the parry? i

" the regatmost. Then our matchang auly pars modes

from a with there fras i must be hopartite.



2) Let G(VE) be a graph. Reell that the degrea of a vertex

»EV, acrotco du, is the numes of vertices un sit. thre

is an edge betuces of u

a) Prove that 2/El = 2 dr

By indiction: For grapl G of Man, 2lEl= 2 du

Base case: asl = did by def, no edges, 030 r

hductue step: Sosue G(IVI=n) => 2/El=E du

Add nade " of degree d' to graph.

to make G'

For every consection of v% some othes nade get, degree al

:: Total degrees un 6' is G-2.2", Le. E d= dur 22°

For every comection of VM there is an extra edgy

ine. lEl = lEel + d*a need to add tance to balance

Id" an othes side of equality

so 2|Ejl= E do v

1) Al a 60ve stadis resoon, i'latedents shamed up.

During the season, sonG staderts shook hands with each

other, I checago perfored a stady that daime cad

stindent shook hands attests

n' allis students. Can

you debunt this.

if each student shook hards with cradlly if ottes

students, me have 5 du= 1887 for a student handshake

VEU

graph. Note that from the result above, the would

regure fractional edges! i clam in false



2 cart) =) On a more dull note, how many edges does

Kn, the complete groph on n vertices hare?

For a complete graph, every nade must conneet

to every other node. This means every node has

degree nil. i: Edu=(n-1)a i there are (1-1)afz

edges in Ka. This is, of course (E)

3) Two graffe or isomorphic of they co the same up to

a relabelling of theire vertices. A proputy of a graphis

sace to be preserved under isomorphin of whenever 6

has that property, every graph of 6 isomorphic to 6

also has that property. For exemple, the propurty of lV/s is

preserved under somorphosa.

a) Which of these properties is preserved under

somorphisa?

i) 6 has an ever nurbu of vertices

à) Mane of the vertices of is an euca nteger

i E lot a verter of degrec 3 /

i O hes exactly one vertex of degree 3/

4) Which of the four graphs pietered on the meat

page ere isomorphis.



:)

3) 6 cont

::)

iii)

iu)

i) (is) are isomorphec; every nade is degree 3

4) A colowing of a simple graph is an assignment of e

cobur to each vertex such that as two adjerent nodes

habd the some colour. A K-colourag uses at most k colors.

False Clanes Let 6 be e sumple graph with man,nen ogree to if

G elsa has a vertex of degree 6 le, 6 is t-colmable.

4) Give a conterciscape of the false claim for k=2i A

separated nade has degree 0, 80 Is "not k-colarible

b) we are prouded a false proof (by indrct.an) of

the false claim. This proof relies on P(a) = "bet 6

be a graple with a vertices and degree at most k. if

G also has a vertex of degree less then to gus k-colarak,

The nductive step reles on remoung vertres and claims

that dang so will always reduce the degree of the

other vertices. Thus is fake when we remore vertices

of degree reso.



LECTURE 8: GRAPH THEORY I

Walks ? Paths

A walk is a sequence of vertices

that cae

connected by edges. Va ?V,?...? ve. Ths"

e walle

from yo to un with length t.

??

A path is a walk where ell

vertices vis ere different.

If we deleta loops me end

up with a path.

Lema l: If I welk from u to vi there

also exista a patta from u to v.

Proof. a malk from a ?u, by well-ordering procople a

walk of mamel length. 4= a -v, = ..."ku-Vk If this

Is not a path, there must be repeated nodes on the

hortes) walk

Case l' k= D

1k: 1 /

KZZ = suppose malh is net a path

a canadin

shorter

assumptio



We defue yu as connected of there is a poth from

"?u. We define a graph as connected when every par

of vertices an a graph ese comected

Cycles E Closed Walks

A closed walk is when a walk starts i eads of the

sane vertax. If k23 ÷ Vo. v....Un. are destreet, then the

closed walk is a cycle.

Trees

A comected ! ecychic

graph is called a tree.

In a tree, a node with

connected

degree i is called a "leef". Any onbgaph of a

Tree is alse a tree.

Proof: Suppose the camcated subgraph is not a

tree, i it must haus a eele. But a cycle in

a subgraph must be present in the original graph,

so the angunal graph connot be ofycle. But it's a

tee!

lemma: A tree with a vertices has a-l edges. D

Proof: By inductan - P(4)D Base Case: nsl, no edges

induction step: G(M) has nal edges. Addling @ nade con

be leaf (1 nom edge) or barance (I abl edge, one nem edge)



: lE(G(A+1))| = (E (G(A))| *1

(The proof in Th lectues

more nvolved; it's not cler to

why the entra stops one

regarred)

63?

Spanng Trees

A-sparring tree of a

connected graph

is a tree

with the same vertices as the

whole graphe

Theoren: Ay connected grapt

graph has a sparung tree

comected

Proof. (by contradiction) Suppose Here east an graph 6

which does not contain a spanning tree. Let t te a

connected subgraph of 6 with the same nodes an of al

smallest number of edges possible. If Tis not a spanning

tree, I must contain a cycle.

r remove an edge

2~

2~

?'

?-.

T' is still connected!

case si all y connected in T.

a consected

subgraph arth fewer edges thain T and no cydes; weive

bult a subgraph that breaks the orgrael assumption.

i for all connected graphs ther exists a spanning tree



Weighted Muses Spanning Tree

Go has total meght of 12. But

there es other ways we can

construct a spany tree - me

we vera which is 3, but we

ear delete that edge i use

was a restead to create a murmum meight spanning tree!

Definition: The MoT of a meghted-edge graph is a spanning tree

of a that was the smullest possibl sum of eage

weyhis.

Alg: Grow a angrape one edge at a tue Al each

step me add the momen eage that keeps the

enbgraph ecgelical. Fax:

Theorems for any weighted

conected graph 6, the

elgorthen produces a meighted

spannag tree.

Lemnas: Let s conust of the first me edges selected by

the algoritten. Then terr T= (YE) for 6 such that seE



Proof: #V=n

(of theoren)

1) If a mil edges a picked, the I edge on E-5" whuck

can bac added unthout creating a cycle.

2) once man-s, me know 5 is a MST by Lemma l

So we need to prove lamal!

Proof by nduction: (on m)

P(m)a Ve Vs consusting of the fiest m selected

edges, I mot, st. i's E

Base casi mao; s': If - empty set dna SE for

we also know all graphs hak a

masoner spending tree (procal earher)

Inductive step: P(m) = 1 MSTe at 5(a) = E;

Let e denote the edge added in the

"''il step. let s denote the fret in

sekected edges.

ver T"= (V,E*) be a MsT such that S'sEn



Case 2: e $ E* :

s' -

?' ...

6 nara-

* .

e not in T': hom do me

martern tree property.

Alg = s'ules hes na sycle

T* Ia a tree => (V, E"u Le3) hes e cyee

ie of you edd an eage to a tree

we creata a cyde

Tharefore this cycte must have an edge é'G ET-s'

é' GÉª, é'$ s. We must smap e è è'

Since the algorithe sonll have selected é, wewi

vet T*" = (V, E"''). E**= (E"-{e'3) u les

T'" i acyele becente senaved èl fram the arly

eycle in E'u les. Tro is comectel berause me

emared an edge withra. a cycle. Ten contaras all nades

or6.= T'%o a spanuy tree.

Weight of Tüte Ti i T"is MoT; T** 1s a

minimum sporning Tret; Casc Z shaun truc! i. benm

I show true t thearer is trae.



LECTeRRE 9: Communcations Netuarts

NaN networks Dieneter Surtch Size

Brary Tree o

2(1+logN) 3,3

?D Arago

2N

2x2

Butterfly 9

20 log N

2x2

Seres e

2x2

# Suntches Congertion

20 -1

N

2

50 11 1/2

O COMPLETE BRARY TREE

D: switch

dureet packets through

netwark, fined-sized

preces of dete

2x2

I: termeal: source i

destination of data

we wart efficient

In

Out.

ost,

Terminal Eternal routing

Latency: time required for a packet to travel from

an input to an output, We measue this by numbe of

wires transsted.

Diameter of a netmark; lenght of the shortoot peth batece

put è outputs whuch are farthest apart. For MaN B.T.

2(10 log )



suntch size: Numbu of inputs i outpats burg handled by

a surtch. Equnvalent to degree of node? hereasing suntch

see mill reduce diameter! So why not just use a manster

sostch!

lA

suntch sizci am, dianeter:!.

plot.

but patter because me dal deare

te problem

n-l

hou it works - the actmark is

about budding the master suitch.

for banery trees me use 172+4+8..." N suitoes, whick is

2N-1.

Congestion: Packages may all have to trand thragh the root

nade! Rost is overloaded , of it fails the left, right

sides of the tree can't ever talk to each otherine not

ie. te

A perantation 1 a furation x: {0,... v-if ? 20,...N-13 ande tea

no too numbers are mapped to the same value; ine Milnj ff inj

Ex: MCi) = N-1-i; *(i) =i. Hon da me got fron pernatation

to congration?

-dentity pomerstion

Permutation Routing Problem for It:

For each i, we went to direct the packet ot unprt; to

atputaci) for all i, for identity permutation, looks like:

In

Out

"w-1

ost...



ras r

What about Nol-i?

In. ? outs

In, ? Outz

Jaz ? out.

In, ? auto

not strongh

etr

etc

??.

Out.

out,

The path toked

" denoted by Pinci). The congestion of peths

Por(o)'...' "aa, o(u-) ' now defined al the largest mumber

of paths that pass thorough a single sorth.

For "(i) = i, congestion is 1.

For sli) =N--i on four-termal tree, congration » 4

Binery treet always have a permutaton that leads to

worst-cese congestion

we met best solation over cert

Max congestion = mer

solutios

For a binerg tree wäve seen this a N. Cu me do betto!

20- Array: In 1?0?0?0?0

bargest potle ing bout,

In, 4 ???

? 0-0

It suitches N°

0 ?0

Theores: congestion of

In 0 ?0 ?

-0-

=N-ispat orray=2

out.

eat,

ars ours



Proof of O: Let a be a permutation Pi, MCi); the peth fron

In; i rightaced to column ti, then downuerd to autprt.

Santal a com i, column rei transmits et most two packats.

The dentity permantation causes crossoner, do congestition tro

" a lover bound as well as ca upper.

Can we condone these netmarle paradages?

Butterfly Network (Ex 8*8)

In. i ? 0.

010

0 ?

...

4?.

...

Ing D-

1X0 000a

Tree stancture w/in

grad! We label anitalis

by ron! colman.

Row: banerg a00, 000,

0?-0x=

In, 0 ? s

-

608

-0?0 ? 00~7

Satches uniquely identified by ram! columns

(5,,..."..... buya, 24)

(ara, o) ? (a1o,1)

? ("10,1)



Getting from exput to sutput:

Each switch can flap one rom bat corresponding to lever,

la our exemple, going fear hput 011 ? 101 requires

fl.ps between level Dil and then lfz, is:

impal ? (011, 9) - (111, 1) ? (101, 2) ? (101,3) ? outpat

lagN lagers

dianeter is

2+ log i;

suntches N(l+ lag N)

congustan i A or Tre Quill shan this for homemark)

Beres netrark: repeating Butterfly

4. 0?0?0=0

00?1 asto

h, 0 ?a

La g

0 - 0

/

°=

has 1-0

X

7

0 ? 0 Out s

0 ? 0 Out 6

1z1-0

Nate recursive structure - hyphlighed region des Bunes Na



Theorem: Nuput Benes netwarh has congestion of eus

when N=2" for some ali

Proof by induction on a.

P(a): Theoren true for a :

Bese Case: N= 2"

cares each suntde only suet one packet

inductive Step: Assume PG) true

Build a constraunt grapt all the rep for congestions

O if the pecked met pass thrangh different aubretmarks, tre is

an edge bestueen then.

2

Ext The pocket destred

-

output

...

°..

1+1 1 as (0) 0)

packet for out, (t(8)=4)

insight: 2-colourray of

the constraint graph

D

cannot pass throngh som

subnetwark

70

? congestion of first 9 lest levels = 1

since P(a) apples to intesior

subnetmarks, theoren is trus



LECTURE 10: Graph Theory III

Ever Tone Koennyabung bridges problem)

An Euler Tour i a walk that traverses every edge

exactly once. It alse starts i firshes et the some vertex.

There: A connectel graph has an Enter Tour of ! anly of

every vertex in the fapt has even degree

Proof: Atsune G=(V,E) with ai Eler Tour,%

Since every edge is traversed once, every nade entry

must be paired with a nade cart along an unsed edge.

deg(a) - (th of appearances on tarr).2 is degli) must be ever.

Now we essume every vertex has even degree.

let Wire-v, -... -un be the longet walk that traverses

no edge more then once.

Oof Un has su mased colge dWI we can cod to W

i. all edges of un are traversed by w

G as well by Of Since me have ensumed emer degree for

all nodes, this is a contradiction i voiva

Suppose Wis not an Euler tour. Gos comects, so a edge

not in la but incident to some nade in W.bet u-r. be

this edge. If we start the tour at w, this gones as

an extra edge, contracting l at the langust walk. QED



G

? "2

Drected Graphs

ry tail

_."

head

(digraphs)

Edges are directional, to vertices now have an indegree

and at out degec. " ln 6 above has m-dagree 1 l out-

degren 3.

Tharen' Let 6(V,8) be at monade graph mith VaL",....n3

Let A. Lajit denote the adjaceng matro for 6.

else

Let

"ij

be equal to the mumber of directed walks of

length ta from vi to vij. Then A"= Epig"y

For?G above:

As

A°=

22

A'=

33

Proof

L°

? °

ali denotes the (ijSt entry no

Lo'l

s*

Beze casc: kel. Edge vi?vi"Pij

No edge virus pile aise

0)

{ Pin a li

{Ain Anj

naI

* A:;



A directed graph G-(V,E) is strangly connected of all

modes oe reachable from all other nodus, ie. f a

arrected path Yuner from a to r.

Directed acyche graphs (DAGs) de not contera

ang directed cycles.

Tourament Graphs

E ?

erthes a beats v: "?.

or et :...

Fx: A ?8 ? D?E?C

? 3

degrce mn-ont

? IV-1

D

C

A the thrangst player?

directed walk that

A directed Hamiltorian path is

visits every verter exactly once.

Thearen: Every tormament graph contais a directed

Manittorean path

Proof by nduction on nodes

P(n): Every tourachest graph of i nades contons a DHe

Base Casei nal /

Inductive stepi Assume P(n); thon P(u+1)

Consider tomenement graph on nil nodos. book et n-nade

sabgraph - remove a node. still hak a tonnanent graph of

site ", whick mast have a DHP ly P(")



aur DHP cen be

"?2?1

Now we add the deleted node back n.

Ces li Ynur ?u,. Thes unsi meerted at start of l

Case 2: un ?Unul. Find first nade beaten by Ya-r? Call theis

node va. Then vau, beatr "nur. So

me lan ape, beat ee va., ?n., a...

? which is

becewbe ra " fotade

that loses

to Vasl

valid DHP. If no nade beatca beg a+i,

'.. ? V? ? Vuul abo valol DuP

/

Ex: Chickea Tournamert

Erther chicken u pecks ri u?y or y?u

u virtually pecks y of uar of Iw"?war

A chicken thet virtually pecks evey other chicken

hoog!

krny!

a Chicken Kung.

Tearen: The chroke with the most

autgang edges is a chicken kung

kreg!

By contradiction, suppose ot i not, het a hare hughest out

degace @ not te king. Juiv-au, and Yor weu en vo

of a ?u. then "aw

?? for ell autgorng edges from u, v must hare an antgoing

edge. dej (V)= dej(u)»1, so u does not hare the

highest out degree, whick contradicts original cosumption



LECTURE Ul: Relations, Partial Orders, in Scheduling

Reletions: A relation from set A to set B is a subset

RE AxB

Exemple: R= {a,b): student a is taking cless b$

notatin' "a is related to b"

A relation on A is a ambat RAN is tas

Exanee'A=Z: MBy off x=y (mod5)

There are all

different relations

A = N: xRy off x=y

Set A together with Ris

G= (VE), with VaA!

In example 6, the rektion

a directed

graph

E= R

G

Julie 83.l

is "likes'': Julie likes Rob i Bill;

Bill only likes himself; Rob likes

Rob

Julie but not himself.

Properties

A relation R on A is reflexive if xRx for

all * E A. A relation Ron A 1s symmetna if KRy ?

gRx Yay, and anti-symactric if xRy ^yR*?×=y.

Iransitivity occure of eRy $ yRz ? aRz



Examples

Relation

*= y(mad 5)

xly

Reflexive? Symmetric? Anti-Symmetre! Transive?

These sets of properties led to more definitions.

The x=y (mad 5) example - reflexive, Symnatic è

transitoe - is representative of an equivalence

relation, while the Xly i dsy examples represent

portial orders"

The most abrions example of an equivalence relation

is equality (F) Itself. Were also seen that

x=y (mad n) is an equivalence relation. The equivalence

class of xGA is equal to the set of all elements

in A related to x by Ri denoted la

(le. [*]={y:×Ry})

Example: *= y (mad 5)

[7] = {..., 3,2, 7, 12, 17, 22,...}

[7] = [2] = [7]=...



A partitor of A la a collection of disgant,

non-empty sets A,...An, à A whose unvon is A

£... 2,3,8,..3, $..1,4,91] is a partition

of *= y (mod 5)

Theorem: The equvelence eless of an equalent

relation on a set A form a partition on set A.

(asserted only)

Partial Orders

strang pertal orders eren't reflexive

A reletion is a (weak) partial order if it is

reflexive, anti-symmetric, E transitive.

A partial order relation is denoted with 8,

not R.

(A, 8) " called a partielly ordered set, or a poset.

A poret is a directed graph with verter set A and

edge set 4

Example: Dressuy formally as a partiel order

underwers

shirt

right sock

Trousers

tre ? jecket

This is a

Hesse Diegen

belt

right shoe

left sock

Left shor



A Hesse Diagram for poset (A, 4) is a directed

graph with vertex set A and edge set & munus all

self-loaps i all edges uplied by transtunty.

Theorem: A poset has no directed cycles other

than self-boops.

Proof: (by contradiction)

Suppose Inzz dutinet elements a,..., on such thet

5az sass... sany san sa,. The anti-symmetric

defrition of relations requres that a, san only holds

when an sa, of aria,, and the travertive property

shows that a, san. If all elements are distinct, we

have a contradiction.

D This properly world be a lemma, proved by

induction

i There are no directed mutti-element eyeles in

a poset. So after deleting self-loops from a poset,

we must have a directed acycle graph (DAG).

Note that we have a partiel orderig; these will

be incomparable elements here. a ! l are incomparable

of neither a &b nor bla (they are comporable

otherwise).



A totel order is a partial order in which every

element va comparable. A Messe Dragram of a total

order must be a straight line! This is obvious?

trual to rank - but how would we do this for

more standard poseto?

A total order consistent with a partial order is

called a topological sort. A topobagical sort of a

poset (A, 8) Is formally defued as a total order

(A, 5) such that the engnel relation is a subret

of the new: Sty (xty=> xery)

Theoren: Every fute post has a topological sort.

*EA is called mumal of TI yes, yix such that

y=x. xEA is smulerly marue! of under the

same conditions x y.

Not every poset has a maunal element, eg. (I, s)

Lemma: Every finte poset has a munnal element

A chan is a sequence of distinct elements



Proof of Lemma:

Let a, daz az 4 an be a maximum-length

chan. Case l: a flasHanti of a da,, then there

must be a lager chan, which is

false. So a sa,

Care 2: a GLa, 6..tan} of a Lar, then

There is a cycle in our poset, whick

cannot be!

:. Every fuite poset contains a minimal clement a,

Proof of topological order in finite poset:

Let (A, 4) be a furte poset with nalAl elements.

By kamal, one of these elements is a mnimal

element.

P(s): Every poset (A, 4) inta length an has a valid

topological orderng.

Bare Case: n32 (true by nspection) ~

Inductive Step: let a be the marmal element of A.

Remove a to create (n-l-length poset A. This has a

vahd topolagical ordering by P(A). Add a to start of

Al to create n-length poret, which is a valid

topological orderug because ad {A'3 /



LECTURE 12: SunS

An n-year, tom-payment annuty pays tim at the

start of each year, lasting for a years. What of

it worth? $50,000 yr/ 20 yees us. $1,000, 000 up front.

Obviandly the cash up front is better. What about

Fook/or for 20 yeers vs. $700k? $500k?

What is the future value of one dolles?

Assumption: fixed interest rate P

so $I today=> 8(1tp) in lycer

$(1+p) in zyears

What is il in one your warth today? (lap)

two

yeers? (l+p)"

Value

Payments

am now

$m/(l+p)

$/m/(l+p)

&'m yrtl

$ m yr+Z

I'm yran-l

n-l

: Total current veluc=$5"/ 19)



Attemate expression: vamfri; x= Yep

= m (1-x")

1-x

Theorem: for all n=1 $ x#1, io

{x

= 1-x

How do me turn sums into closed-form solutions?

Many methods, bust we'll stert with...

Perturbation Method

5=1+***?+*^

4...**

5-x5=1-x

5 = (1-x")/(1-x)

Ý subtract!

ie. method is jigging the

sum around a little brt!

Back to v: Vam (ti)

= # (I+p-/(1+p))

For m= 450k, n=20 years, p=ass, Va$607,906

as n? a

For maSsok, n=?, p=oor, V=$ 883, 333



Proof: lem

n?00

*"

=0 for 1x| <1

Example: 1+ Yz=44+Ye+...='/(1-Ya) = 2

1+ Y3 + 19=27+.=%(1-4) = 3/2

These are all decaying geometic seres, which

Tend to sum to the largest term. They can

get a little more comploated than our examples

?.?.:

? Can we turn

this into a dosed-fom expresion? Try perturbation?

8=x+2*+3x*+..+nx

nel e this is obviandly not

jong to cancel

with

STraight subtracton. but...

""n*

This is a geometrie series!

: (1-x)5=(1-8

^*)/(1-7) -1-x

=> 5 =

(1-73)

Another suns technique is the dervative metrod:

For xFl, iso

¿x'= 1-*'/-* from Theoren; take

dervative of both sides ? o

1-(niI)x"+nx"

(1-x)

Emultiply by , and then

we'll get O!



6* still Kne

Example: An anourty that pays sim at the end of

each year if' is worth!

= m (1+P) /P

for m=$50, 000 ? p=0. 06, Va$14.7m

So a company that might grow hineerly forever hes

a finte current value because the p term is

bleeding it geometrically.

ay tricks?

Mug a: n30 ? 0 =d

n=1 2>1=a+b+c+d

solveable

system!

n=2=>5=8a+46+2c+d

n=3 => 14=279-96-32+d

a="13, bolz, e=Ye, d=0 = matches D

(not a proof :))

Don't always expect a closed-form sduction for

every sum.



Eto a no easy solutions here bout some bounding

tricks.

Integrator Bounds for E Ci) when ff ta a posteve

increasing function

fln) -

PALí

(a) -

P'.

Pa-i

((a)

5(3)

((z)

{CI)

P'=

1(2)

R(3)

fCi)

ist

oburously some rects.

are trimmed here

22 (:) = (1) = 5, 072X

is s

2

3

n-2 na

n

why " If true? Imagine our carve translated left

by I unit. This is now more that what is

shoun in first mul rectangles! so now me have

upper of lower bauds on the sum.



Let n= 100

6675 sum 5 678 a tight gap!

note that the gap scales with in, but

ansur grows foskr. So reletive onor shrinks.

r=73n%4aS(1 where Y3s 661) 555-213

this notation needs formalising. Whet it's dang

[5N4M2!

3/2 here i neglectung s(n) beconse it is small

when n

large; not a droung term

Formally, g(x) ~ W(x) means that lin

What hoppens to the mtegration bands when f is

decreeny (but poetive)? Ex: SYs.

8(2) -

f(3)-

(Cx)

((z)

((=)

= f(x) + 5, $C+)dx

when function is decreasing

the bands fup!

(a-)-

fla) -

8(004)

2

3

n-2 nu



Jd: #1:2650-17=257-2

In (drop this off i weeken bound)

+81-200-255455805-25n-z

25n -2 e

?25n -1

??

12, 15 = 250-560):

1 = 8(1?2

20255 (im 2586) 1-1m

" ??

LECTURE 131 suns è, Asymptotice,

Block contest: greedy strategy

Given: n blocks of length!

TABLE

Def: r, = amount by which it block extends beyond

the table

Stability Constraint: The center of mass G of the

top k blocks must lie on the kti' black (or

the table).

For greedy stacking, whick pushes each block

as far as it cen go from lan, ex=ral.

How do we get a formula for Cr?



Sunce every block is extended es far as possible,

we know that the centre of mass of the kit black

is at riYa. Therefore the centre of mass of the

top k blocks is "k'

(remenber block

length is 1)

After simplifying (-ari=/2k, which tells us how

for the k" block extends past the kill block

Arra: Ya

A 58 :

'4

:.

obnously a geomatic sum

r= = 122%0

ist

Note that the sum D comes up so often that it

has a special name: He harmonk sum. Vanes

essoclated with this serves are harmonie numbers.

H,=1, Me: 1+42 = 3/2, 4?= 16, H4=2/12

note that this shors

the top back can

Harmonic numbers grow to nfinity

escape the table

but we don't have a cored-form expression.

Need to use integration bauds for decreasing

Suns.'



S.

% dx = In xl, = In (n)

Every slandy goes to ufrity

Ha~ In (n)

In has hed a lot of work done; The equality,s

actually Ha= In(n) +5= (zn=Yvzne Cal/1201"

where Ya D = E(n) &1 E 8= Enter's constant: 0.577215664..

rationelity of $ unknoma!

Given all this, how

many blocks do me need to

200,

make 5=100? Era bat of blocks

Is greedy optime? Yes i no- there is a

counterweight tactic that matches it for blocks

usco. (nb: maths changes significantly if mutt.ple

blocks per stecking level are peratted)

Products: n! = I; = obnoudly not closed-form... but take

" (n.) = In (1.2.3...in)

logs...

= In (1) + In(2)?.. -In (1)

=¿in(i) a an approx vll be derved na

integration

bouds for increasing

Su a



:: nin-n+1 = In(n!) = lanenlan-nel a ta exportete

""le''=n's n/e"'

Stirhag'= fomula: n! = (E)vzin e

where

100! = (182) rzoom eYeros

Istiring bounds are extremely

tight

Asymptotic Notation

We've already seen a tilde: f(x) ~ g(r) if lem gasl

Big -O: fCx)=o(g(x) If lum

formed, carely used

Theorem: Let f(x)=, g(x) =*, then f(x) = 0(gur)

Jim

" =0, which is less then infinity

Theorem: Let f(x) = x*

(g(x)=x, then f(x) 7 0(g4)

lem

*/x= ?



Is x= 0 (106x)? Na! Take lnts, don't trust brog,

constanta! Is 10'x:o(1t)? Yes, for some reasoni h

**<°

77=100x+10"= 0(x)

Theorem' *"- ole")

Proof : lum

*1%e==00

x=-

Big-O notation tells you about the reletionship betrea

mont size i ruming tie it an algantien.

Is 4* = O(2")? Noi im

* -0

Is 10 = 0(1)? Yes

Hn= lan + 8+0(Yn)

in-Inn-8= 0(n) the techcally correct mey to unte si sery eag to

have stappy notet...

Big-o is not a lower bound. F(x)=O(gL)) 's

meenngless

The correct asymptotic notation for an upper baud is l.

F(x) = S2 (g(x)) of lom

*--

Theorem f(x)= 0(g(a)) off g(s)=s (fC))

**= 2(x), 2"= 2(x). 1100=22(100x+25)

T(A) = s("") says "the running time is at least ??"

f(x) = 0(g(x) f

lim

*?.



Theorem: f(x) = 0(g(x)) if f(x)=0(gG)): f(x) = 2 (g4))

Examples: 10x-20x+1=0(x3)

*Inx 1 0(x)

TCA)=O("3) incens ? is guarenteed (both upper i

lower bourd) to grom quadratically in n

Summery (up to constant factors)

O means s

Se means >

° means

=

? Means

<

g(*)1=0

w means

15031=-

Examples: /na)=o(x); */00=0(x)i x'=w(x)

Fete proof: Let fin)= fi. Then fra). O(n)

By induction on mi 9(1) "é than F(A) = O(M)

Base casc: f(1) = 1 = O(n)

Inductive Step: P(n) => f(x) = 0(1)

f(n41) = F(a)+(1+1)

= 0(1) + 0(1) = 20(5) = 06)

Flaw: hypothesis is treating f(n) as a faction

but it's creating a sealer! wever wands up proofs?



LECTURE 14: Divide § Conquer Recurrances

To is the minimum number of moves to completo a

Hanor game of a discs

T=1

Tz = 3

T, 47

Note that we can solve thron recursively; Tee

Phase !

after Tn-1

steps

:

Phase 2: Move Largest Disc (Istep)

3

:

Phase 3: Move Substack (Tn., steps)

3



Note that this is an upper bound algorithere-

It's not a proof of optimality. We need to find

a lower boud.

For the lowest disc move to

be valid, we must have taken

TOTT

no fewer than Tme steps already

Then the big dix moves (1 step), and were left

urth a minimum of Ta-, steps left. So In= 2Tn-r

How do we colculate recurances? What is Toy?

ethod!: Guess and verfy

For Toy we might guan, ? "1 and then verfs

by induction. P(n) is Tn=t

Base Case: n=s, Tn= 2-1 V

Inductive step: Tn-y= T*?

Tn= 2Tn-1+1

= 2"-1 ?

So Te"= L''-1 - a very large number.



Method 2: Expansion

Tn= 1+ 2Tn-1

=1+2(1+2Tn.z)

= 1*2+ 4Tn-z

= 1+2+4(1+Ta-3)

= 1=2+4+80-3)

: (A pottera has emerged)

=1+2-4+8+..+ 2''

= 1+2+4+8-

= 2-1

Let's apply this to a more ntreating recurance:

Merge Sort! To sort nal X, ta/... ta (where n

a pore of 2)

2) merge

Example: Sort £10, 7, 23, 5, 2, 4, 3, 9}

1) Sort {10, 7, 23, 5} ÷ {2, 4, 3, 9}

? {5, 7, 10, 23}

0{2,3,4,93

2) merge: look at frst entres in both lists

and compare: {G,7,10,23}

(remove esty

{0,00, a3

{2,3, 4, 5,... 3



How many comparisons do me have to porfam per

marge? nil becanse kot them nevr needs compress

Oburously we need to die down to make this valid

or it's just hardware sort!

Let T(n) = # comparisons used by merge sort in

worst case

merging takes n-l comparisons, 2T("/2) comparisons

for recursive lager.

:: T(a) = 2T("/2) + n-1; TC1=0

(2) = 1, T(4) = 5, T(8) = 17, T(16) = 49

Doesnit look like a good candude for guees f verify

So we'll try expansion

T(n) = n-1 + 2T("(2)

=n-1=2(N12-1+2T((4))

= n-1 - n-2 + 4 T(Nu)

= n-1+1-2 = 4(14-1+ 2T(48))

don't collapse

terms. want to

see paltens

=n-1-1-2 + 1-4 + 8T("8)

We can guess that pattern looks like

?(1) = n-1=1-2+ n-3+n- 4+... n-2"2 T(/i)

= n-1+n-2+... n-2

leg a-1

? (n-2')=

1=.

i=0

E 2. = noga - (2°" -1)

i=0
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