
18.03: DIFFERENTIAL EQUATIONS

LECTURE 1: The Geometrical ven of y': 5044)

Frot-order ODEs: y'= f(x,y)

Examples: y'= x/y; Y=Xy: y'=y=*8

weasely solvable

eperasters

Most equations are unpleasant! Let's look at a

roomed out view before we start tryng to solve

anything, with the analytic methad ? y'-fly)

y. (t) solution

THE GEOMETRIC VIEW OF ODES

Direction field è integral carve

y'= f(x,y)

Solotion

le clement

distingua

y. (x) solution to y'"f(x,y)

integral carve has

directin of Freld energale

if and only if the graph J. (x)

I an ntegral cure of direction field associated

worth that equation

?'(x) = f(x, y'(x))

= slope of y'(x) - slope of

at (x, y, (*))

d.f. S(x,y. (r))

ANALYTEAL

GEOMETRIE



Drawing a direction field

computer mcthool: pick a part (x,y) Lequally space]

computes f(x,y)

dram lne element with slape f(x,y

hassas

method:

pick slape e

plot f(x,y)=C = Isocine

drom lone eleneats with slope e

650

23 309= f(x)dx; mat. both,.de,

ten solve for y°

Example: y': -x/y

%

/

H+ "cro"

/.

-1-1-1

1-1-?

integral caves everyuhere tangent to hac requenta:

there circles: magic solve ly prating variables



Example: y'= l+x-y

sochine: y= x+1-c

corridor between c=0 e c=2 sos

" to escape.

TWO INTEGRAL CURVES CANNOT CROBS

BECAUSE LINE ELEMENT HAS DERNED SLOPE AT A POLOT!

In thas caoc the integral carve at the cal isochac

asgaptatic!:: y(4) ~x is a solution fanad solely fran

grandry.

TWO INTEGRAL CURVES CANNOT BE TANGENT

No.

REASON: Enstenec and unqueness theoren

existenco

(r0.g.

y'=f(xy> has

HYPOTNESIS: f(xy) continuans neer (tarye) one! only auc solution

i d/ag f(x, y) continuans nees (arge)

terangh (xo.y.) 9

ungueness

ExAMPLE! xy'= y-l

y-'

y-1= C×

recson this is a mess is because ectual

form es dy/dx = (y-')/x

not defred alan x=0

exestence



LECTURE 2: NUMERICAL METHODS, EULER'S METHOD

d'fars) fintial the problem.,

FULER'S METHOD: General numerical solution

yi

J.

xo +4=x, de

*.

*.

??..

??-

Tarl shan yn

Enter equations

x^-1=x+n

In-1 = ya "hAn

An= f(xn, yn)

Exemple: y'= * ay?

y (0) = 1

n

h=ol

2

An

_WAn

-1

-0.l

o.1

0.9

-0.8

-0.08

0.2

2.82

stop @ y (0.2) = 0.82

how right is this? Is Ewer too high or too low?



we can answer this geometically.

if solution is straight liner, Euler's method is

accuate. if curve...

y. (*)

The conver - alveys low

concave - almeys lug"

lant what of we don't know what the solution looks

like? use y"! y'so for canar; y"re convex

y'= x-y

y"= 2x- 2gy'"

@ (01)

y (0) = 1

y(o)=-1

j"(0) = 2?0-2?1-1=2

:: solution conex; appres is low

for convex...

solution

appronnatas: loner barrd

but hou do we do better?

smaller ereal

1) take smaller steps h=o.l => h=o.01

(surely an infurtessinal step size morts)

ench e Euler in a firet-order methad [ni]

?o.i

-o.z



2) Try to improve An -

take next step, average with

fred, that's your corrected

slope.

Il To BA

temporary vetec Ino,

ym1=ynth (An+Bn) /2

Bn= slape of derecton field f(amrie5...)

Heun's methad/ improved Euler/ modified Euler / RKZ

O "2" because it's a second-order method; i.e. essor

decreases with the square of the step size

(there 1s al RK4; standard methad in computational

analger. (An-2B,-Zcn"Dn)/6 for alope

Pitfells

" We'll find an our omn!

2) y=y?

solutons' y= /c-x

*i

asymptotes are

upsetting

singularity at k=c. but you can't tell

where a is un advance.



LECTURE 3: Salung First-order ODEs

Two most important methods: separaten of varables i frat

order hnece equations. Today's lecture is about the latter

"fest-order lace? - ineer in gig

of c(5) =O, me call the

system honoguneous

Steaderd lineer form

Oy'=p(x)y= y= = normalise y coefficient, so ba/als) ? p(r)

:= (x)/=(x) =9(?

standard fust-order form

= pl here 1a -1. pla) in standerd lonear

we will award the standard first-ander farm in thes course

? can almays be soled, and also anses often in models

?Temperature-concentration model @

? Misung model

? Rechoective decay

" CONDUCTION (TEME)

DIFFUSION (COMENTRATION)

+= Time

-tat

+-Trae

use Newton's law of cooliag

To bull ODE.

é ty+. keep kro.

take To). T



convert there to stanard linces for

/

we solve this equation by findry an integrating factor of

farm ur).

me multiply everyling through by a

ay'- paya qu, where

my'-pry tanas out to be ther

derivatue of sonstrug art d. then

me integrate both ondes urts!

How to was pake a In this case me would like ay pay

+ tara into (uy). u must satsfy i'= pou

separate verrables...

hu = Sp(x)2x

use plode o no arbitrary constest since only one a rephrad

Method: y^py= a

O Force standard linear form to ensure correct p

O Fud regrating factor a set a

O Maltiply both sides by in flan't forget oght hand add

O integrate



Example: xy'-y= ×

?y'-fy=*

- hx

3 .F. =

e

=("*) = %x

? {ý -?y??

halpful for chectay!

·5-7/20c?y i/2t5a camen

Example: (1-cos x) j- (fia x) y= 2x

? y -[sm (*)/(1=COs?)]y=2/(1Mco«)

9 .f. ? - Sitr de= la (1acos x) ? ?f= e

1 (1ac0s x)

=l+2osx

B) (Iteas x) y*- (sin x) y= 2x

? (1*cos m) y] =2x

(1c03x) y= x*+c = y= (x'=e)/(l4cos x)

if y(o)=1, 1=02 ? ca2 è fell salatiaa oo x'+Z

1+ cosx

Excmple: Lueer with k constant

dT/dt - KT= kTe

ET

1.f. = e

(e"t ?)'= kTe. e"T

- kt

("Ty= JKT (t)=" == T=e

Skt, e

. ci"t

but definte solutian prefund = e"" [kTe(t,)" dti + Cè"

steady-stete solstian

+- 00

;c=T.



SIDE QUEST: separation of variables

To apply separation of variables in a frat-erder

Off, we rewrite the system such that the y-side

depends only on y i dy and the tside only on

*É dx

eg y'= f(x) gLy) => dy/gLy)= f(x) dx

as long as the terms don't mex Gie no say

terns) me can then integrate both sides e solve

ExAMPLE: y'= (x-y)×;

= 1,%x

x 70

set ray/x; you

veg du/dx = lau

v=la|x1+6=> y=x(IM(x1+4)

NOTE TWAT WE WAS To SuESTUTe fOR SEPARATION

Ta EveN BE POSsIBLE - JuST WAnG to RECOGNISE

PATTERNS

? FAMILIES.

BE CAREFUL WHEN POSSIBLE FOR JE)=O'.



LeCTuRE 4: First-order substitution methods

We know ham to solve two kuds of fust-andes

afferential equations: ") separable 2) lineer. These ent

the only two bads of differcatial equations with general

solutions - to a great extent ell otter elveble equrtons

ere reducible to one of these tuna casas, so

substitution a important.

x,= 7/a, y,"yo with a i b constant

me do Thus to Eg. change wuts, make verables

amensionless, or reduce the number or sumphly the constants

in as equation.

" external constant; applies for large

@dimensionless

scal: T, = T/M => T=MT,

( call this kre waits are

a/d+-M =KM"/1-T,") »/at = KM (IT,")

= k, (1-T.")



Direct substitutions ? nem varcable qual to sone contanetia

&fold versables (TrT/M)

loverse

subaltations ? oll verrebles cre some contration of

the new variables (T.MT.)

SJi-x dx; x= sin un (indrect)

Example: Direct substiterson

Demanlli equation (no pure y term)

Approach: drade through by y

i (in) j.y

?/n= p(x) v- q(x) uncer!

now me can solve using our beer approach if backe-subatitate

integrating factor' e"*. *



Homogeneous first-ander ODEs

y= F(4x) = hanagerous meers bury able to mote

right-hand ads s6 The function of combersed

variable y/×

homoçenors equations are

averast undes 200n (6/6

y/t to a rate!) x? ax, y=ay.

dy/ax= ady/ady adular, = F (1x)

boot

what's the beat's poh? want a curve-mere looking for

unkname faction gaylt) whose dope weakes a knows agk

y' = tan(0+45) ; tand= yea

"(tand atan 45°/ (l-tand too 45)

x°y

i lot 2=yla; y'=z'x+z

anager ade

142*

Orlaree a pace



PROBLEM SET 1:

" A mysteras virus infects the orytes of the Tara River

erce in Keya, whace caves ther growtte rete to decrease

eccording to the formle KEt): ko/(ast) for t20, where

a E, to one positive constants. Measure the in yours i.

population in kilorangy (ko). Withat th vras the i for

Small tire interuels At, the population change (trAt) -xlt) is

well appronmated by kxt) At.

a) Whact are the cnts of the constant a in "art", and

of the constant ko?

x(t) "M years, to ko m yeers! e it yeers markss

6) Write dam the differential equation modelling this

situction

Replace argued he with klt), so:

-ko/(a+1) «(1) =>

6) Wote down the general solution to this differential

equation. Separate versables ? de/x a ho dt/laut) integrate

-ko (a++)"

1x] = e

; let Cité llo



I cart) ol) None suppose that at til there is a pastive

repolation to of arya. Does the progressue decline on

growth rate cause the popultion to etebilist for large

time, or does it grow without bound? If it does

stabilse, what " the hunting papulaton os t->0?

2) Ia this probler you will study the adations of the

afferential equation ds/de= y'-7. solutions of this equation

do not adant expressions un teres of the standed functions

of cakulus, but me can stady them anguay ming the

durection field. Dran The febl! Isechnes from XY ? {-4,4}

6, ME -1,0,1,2

11-1+1-1++ Miz

+ Ft Mai

f

---=- Meo

17-1-1-

Ma-l



3) a) write y for the solution to g'=za with y(0) =0. Whot

is ye)? What is the Euler apprommation for yll), using?

qual steps? s equal steps? What about a GN steps? As

"o, these approartons shall camerge to ys. Do they!

Y=" by repeation => y,"1

for ha's

~ "a ya An hAn

o.5

2

for h= 13

An

0.5

-

hAn

2

3

43

2/3

4/3

2/3

for h= Ya

*..

An

4/9

-

kAi

Ya

3/n

?

9== a (1-1)/n" = (1-1)/n

:

lam [(a-1)/a] = han (1-1) =1

??.



3 cant) b What is the cract velue of the difference between

sli) & the faler approximation! Val or hi

4) Seronge Mabuck waste to set up a truet fund for

his nopher Don. He has fast-proof nestments which moke

a contest interest rate of, meermed on (years), and l

propasco to dole out the money to his naplan at .

rate of 9f dollars per yees.

= Model thus process by a differential equation

y'= Ig'9 a me take & in trust fund as y

and see the changes - Iyt/yues 1

at/ yeer -

b) Find the generel solation to this equation

dy/ dt = Ig -g

ds/(Ig-2) = dt

I+

Ig - 2= Ce

(casé lo)

y= Ke"" a)/s

2) Nom take I: 0.05. If scross wants a to be disso

per mooth forenes, how much should he invest?

Iy.: 12,000 = $240,000



LECTURE 5: First-order antonomous ODEs

special lend of oDe where right hand side has no

udapendent variables, nane 1ø "antanamond". Can reperate

varkles - but we can get waful unfarmation out unthout

Problem: get qualitative info abbout contions do actually swing

1) Look at direction field

11771-1-1 slape: fly.)

- -

Isocinesi yiya

-

1 tr

i shape of integral cure

"obrians ? invariant under

unt. carve

?-translat. s-

2) Look for "artical pant': zeroes of RUS

f(y.)=0 er gaya is a solution to equation

of yeè, y, era solutious, they're integral curves

i other intagral carves cannot cross!

- postone tends

3) Drave graph of f(y) =0

Ex:

y= money; is interest (cont), w= rate of lars

dy/st = ry.

critical paint: ry-w=0= yo%

dylet

all aMer

slas as e

translations

y (1) - o; certicel port

-



Logistic Equation

population behavior y(t)

dalat= Ky kagrawth rats ? t contant? saple granth

laguatie grouth: k declines ca population increeses (esaurees

used up etc). se b warts to be a function.

simplesti a-by=k

If= ay-big er logistie equaton; mary appletions

me can evard partal fractions è other unpleassatmess

by not salurng. "

CETICAL PAINTS' y(a-by => yao, yi

= Y6

(attractive sla

jenstable

aIs "'stable"

e stebe

so me undestard stabe è, unstable critical parnts.

what about the Mard case?

fran anotter ? "scar-stable"

state from one aude, wate ,



Logistic Equation with harnesting

marrest at constant rate dif: ay-big-h

-n.

cortice

joe hob

h aches vertically

translate parabola

hon

a/26

ha ' max reta

of harvesting withomb

extinction

LECTURE 6: Complex numbers e complex exponentials

zs atbi 2=a -bi

33:2%

reel

(201) /(1-30) 1 mult bananto

2 ri

113; = =1+7: = - y10-oi

1-3:

1+3i

10

Polar representation

a-bi= reas

io

Enter dof: r.e

How 1s

"' an exponential! what does if mean?



O Exponential Lan: c*aJ. aly

" Satisfies exporential law, but mare mportanty...

ent

dylat= act

y(9)=1

To face something onto exponential i i should work

O d20 i° = ie°?

Also te Taylor expansion should be rght »

sin (0 +02)

Tweet trig identities are equivalent to eio

setisfyng

the exponential law!

suck a cuf unght look like

u(t)-:v(4). nou do ma differentiate such a thrag?

by ...

partials?

D(usiv)= DuriDo

d/2+ e

it

at (costsisnt) = (ant a icost)

=i (cost + isint) = iet

e

= coso-isino = 1



earib

= c°-e

ib

? is from circas@ (argument)

Advantage of Polar form: good for multiplication

? (o. -0,)

? 2°

1.e. multiply moduli è add the arguments

complex

males geometric consequence of mutt plication dees

Seconde requares integration by parts trice and in masy

instead use compler manbos

-?i*

écost is real put of e

= R(e"(i-1))

extract real part by ...

R (1-i) e'" (cos xmi anx) = R(l-i) e'"(cos a misin*) / 2

=E*/2 - (-cos x*sinx)

Extraction of complex roots

"Ji an ansness as comples aumber"

5= e

28=1

apples generally, not just for l an unt ercle



LECTURE 7: First-order lnear with constant coefficients.

y'+ pE) y= 96) = "good" form

?y'+ Ky= q(t) = const coeff kao

special formi y'+ky=kge (t) - temp/conc/mixng

steady-state

?O as t-beo; transert

uses yo

solution

We steady state

Burt there is no partaculer/proveledged steady-state

solution, just pick the sumplest function for our

purposes.

imput: q (7)

responsel y (1) D

- Te is drving Ti Tr a response

to the input

special form often written as Yvy'-y= gelt) but we

won't use it.

@ nomally any steady-state solution. Note again kao, or

nothing makes any sense. Superposition of nuts: 91(t) ? yEl

92(+) ? y<(+)

statement of

lancerity of ope

9,792 ? y,"32

ca. ? cy.

Whet happens when the

physical inputs are trigonametac?



g'+ ky= kqe (t)

%6° cas ut

we angular frequensy

= of samplete escollation

t etr on

5-axr

Problem! for physkal input le= cas ut, find the response

we'll complexofy th problem (crace easier to integrata empor)

= cos et e isinut

yj+ky=i"t (conpkxfied)

bul D es real functien, &

call it y fram now an

y= y.''se (complex soluton)

Find I, then y, will solve original problem

integrating factor:

e"+

(ü=") = ke

(b-im)+

(krim)t

Kriu

cancets

5= i:(m e

iwt

Twe methads

O POLAR

e take real part

CARTESIAN

D Pobr forne for

w/k

?= tan (W/k)

Ephase lag ff

functon

/(1?i(1a))

-:Ø

= Ae

; A= Y(/4)

???-??

5* Ae

= (sirkla) è

?(wt -?)

= A. cos (wt-$)

Rennder: a complex; lad=1

: Hàl- lat

ang (Yl) - ang x =0

.. arg (Ye) = -erg (e)



Phete lagi

MUA-

- cos of (out-$).

cas of wt

ey sin cut = cos (ut - "/2)

response fuctran

AT as kf

pu as kt

LECTURE 8: Continuation

y'+ky=kcosut (ue ded thes u L7)

= Sog = keint

red companet

5=1(44 e

swt

? Foy cos(ur-p) O

Novo

let's thy untu cartecuan coordunatcs

.-+

y= Ti(mp) e

1-x-(x2

1+ ((x)= cosut = isnnwt

Rafy in(lig) (cas uts "lve enawt) o

equivatert. me cen tuma one nto asatler by..



3

acos O + barO= C cos (o-$)

so:

0=3

Obviadly poler coordrates ore a more sensible may

to look at tig ters!

Proof of Oi we need to sert mith scand-bened

?-?

= Ka,b>/. cas (o-?)

Another proof! Complex numbers

= Fasteit

(0-d)

e

Take real parts of this and

; (0-9) = css(o-$)

Barra luneer Equations

1. y'sky=kae () =speciel, gerena condection/diffasias

2. j'-ky= g(t) e no constant en nght ede

3. 4'- p(t)y= qlt) e modifier of y verres with t



Between cases

distinctras: positure k!

Maxing example!

{Z there's a very inportant

x+) = amount of sett un tank ot

Ce "concentration of incamng flam

r = flow rate

el x

ste of

*+ = salt nfla

=rGe-r"%

-

rete of

salt out flor

Dabulously concentration, but

oxldt more subtle:

standerd formi

# IC=$ C(1) a this is our temp/diff special farm!

Nel I the bare prometer governing mining - the

fractional rate of outflar

If anusadal l cos ust, hon coscly does concentration

~ tank fallou celt).

?of k lenge, follows closely

? oF k small, langely decoupled from oscillation

When doesn't our special case work?



How does current flow

- C

in This circuit?

g= charge on copi

17=;

RAt=9-e(t) ? 9'-are =211 ' t net redly an aight sick

chared decay How much to Of gluen time?

d8/dt = k,A -K,B

k, A has no

relationshep anth liz

decay

decay

If k60, none of termadagy of

"transvest", "steady-otato" Inpa", "reapone" apples. Mterated

approach io identical, but none of our estandard physiel

intopretation applies,

initial conditions damnata!

K6O a biology, economics, ete

gasto as es t? a

Problen Set 2

4) Almost all the radon in the world today was

Greated inthe post week or so by achers of radactin

decays begrerug manly from uraniun. This cascade ? f

decaying elevents is quite common, and we'll look

at a "toy" madel wore in which the members

turn out decenty



4 cost) A certan isotope of Stortium, sysbol St,

decays with a half-lufe ts. It decays with equal

probability into Muduem, M. E Endura, En. Medium os

do redoactive, and decays with half-life tu into

Endian. Also, tuFTs

Use the notat. on «(t), ylt) i, elt) for the amount,

of startrum, midina è endinen respectively, in waits

60 x(0)=1.

=) Make rough sketches of grapher of 7, y,= as

functions of t. What are the hanting values as

+?-?

Si: 0 when + ? °

87,

Mi: o when t?o

4/0 decay

al decay

27g

En: 1 when + ? o



"cont) b) Worte doun the defferential equations contralling

*y, Ex. Usc & for the decay canstant for st 4

in for the decay of M.

x'=-6x, y'=-ug, Yacx, 2'= 26x=My

6= In Ts i MainTa

6) Solve these equations for x, y! z

SP(r) d+

y'-My = 26e a needs integrating factor sC

w/ P(t) from y'+rt)=ot)

(ut -ct)

? ent factor . eAt

elt

di elt. y = ase

Cut -6+)

yc

? "2s/(u-6) e

- integrate both sides

d) At what the does the quantity of Mi peak?

My-"ere" - contreal port

- 6 +

:: E(M-6) (e

alice"): (1-0)(6) =Melese

:. t:



4 cont) e) Suppose that mstead of (0) =1, me had

"(0)22. What change woul that make to Xy, z?

By tineerty everything monk danble

f) Suppose that x(t) = et . a coluton to the differential

equation to "2= 9(1)? What " the general solation.

q"+) = tE + Ze"= =*(++Z)

11x1=-2 la 1+1-6

?> x=C/1°

:: general solution: e-C/t

5) a) Make a table unth tharee columns. Each com will

conten three representations of a compler number zi

the "rectangules" expression 7i attr, the poler expresion

12), Ang(e), i a picture of the complex place with

the complex number marked on it

#

a-bi lal erg(z)

graph

(i)

1- i

1.

(1)

20s(8) 12larg((6)

(?i)

(-1 -i)52

.+

(in) (1+J5:)12

(0) (Iri) /SE 111 ag(38/4)



§ cant) ») Find the comples costs of the fallaning

equations:") Z" Z"-4:0 i) =4=2z=2

i) -1 =:

6) =) Add a fourth colen to table you made in S(e) ly

gung the exponential representation z= AL'°

#

a-bi lal erg(z)

? P

Ae

- ??/?

52e

i0/6

(1)

2e

(?i)

(-1-i)5z

e

(in)

111 cry (*/3)

e

(0) (ITi) / 5E 111 09(38/4)

187/y

e

b) Fnd all complex neambus ziatti such that e

= -2

4) Find an expression for sos(4t) in terms of sums of

powers of sint i cast lay using (eit)". lit è cuts

formal.

Use Pre (241*) => cos (41) = R ((cost-isint)")

? the io merry if I don't really feel bhe

dong oo



7) a) Express Be ($7) u the farm a cos (31) + bon (31). Then

remate this in the form Acos (3+-$).

Si (cos (37) - is (87)) ? cos (77) +451 (38)

4= ½, ?= 5/6

b) Find a coluton of the differential equetion

i- elit of the for weit, where an it some

complex munter.

uziezit

2it

zi t

* we

wE:13)=1=w=/(2:13) =>a= 32

:: solution is 33 2itecest

4) Frally, find a solution of i 13x=cod(24) by rolating

Hes Obf to the one in (b) What is the general

solution!

This i juot the real part of the Off from put

(b):? Solution is

LECTURE 9: Lineer and order ODEs with constant coeffi

standard form: y" + Ay'+By On homogenone

hence second order

in general, Aè o might be functions whack very with

indeperdent variables, and the right hand might es

well. But well look at

those later.



mutual condutions satisfied by too constants for fit order

Assume general solution: y= Cy, + Cyz where yie ya

are contions

:. task is reduced to somchan frdung

Two solutions y, I yo. where do we get there from?

Standerd example

Caprag

-deshpot

apultinea portion

fong spong

mx=-kx-EX deckpot renote as function of velerty

so x'=c/mx'-Ymaso in standard fom

To solve orE, fnd tuo indepedent solutons (ie ya not

Bask mathad: try yee trand. ventle

Imes conto of y.

37= Art 314=0; choose a to get o

**Ar Ar+8=0 cheroeteristre equation of

Three cases!

the system

1) Roots real in not equel. Gen colution yiçeliçe"t

Ex ?"" ??"+????

5=4093=0=(5+3)(r1)

- 34

..

solution y= c,e

suppose y(osal ? y'(0)=o (instral conditiona)

solution: y: "te", fe

something like

damped"



E' coots ere comple

2) complex roots r= as bi

congugates

We get a complex solution yze

If me have complex solaton unir to a red differential

equation y" Ay-By=o the u ju ee red sontions.

Proof: (univ) * (utir)A + (unia) B30

real part

imaguary pert

The only vay for this a Is of real i complexe

components are both zero!

i real part t inglery part of uniu ere both

solutions of the ODF Carly apples of AID

ere reels; othermse me cant tell what's the

real pert ve. magicy part)

ar sult

soluter' yze

? PRe (cos 41)

affer spring

try y + 4g =5g

try y(0).= ÷ y'(0) =1 a solve ar before



J'=* (cos ++ 23st) looles l?ka...

55÷"

cos (7-?)

o~70

"enderdamped" cese

3) Ertically damped: Two equal roots

r=- a (the root)

(*a)'=o= phizrane"

cheractenstic egu

oo? y"- Zay'" a?

y =0

Sautan: y" eat

where do me get the othe

elation fram? of you krom ore

". ys é

- at

? ?

saltian to y"- py nay then

za. y'=-ae ase

y=y, a is anotter solution.

'?y"?a'st

u - Late

eti - e

-et.

comering in this way lets us add and canced. then

éu .. ell thets left. ésturo; n'so

a=c,t+cz

just t is erough!



LECTURE 1D: Continuation: complex Chanecteristic Root

Oscillations: y"-by'-kyo

try yo et

charadesha equation: F'ibrak=O; oscillatiano correspond to

compler rests of the cheracterists equation. riatbi.

(arbi) +

r=arbi ? e

i reperete into real è imagnary penta to

are both seed editions a bi maid gue yoo e"cosbt i

yes-e'shalt, which in juat a lucer cambinet.on of the

roots me get from a-bi.

Other approach: y= Ce

(arbit Goe

(a-bai)+

as a general salutan

But the is a complex solution, so me have to gut the

real solutions out when 2,%. Ca compler etc. of me split

S,= e, aiid; ste and multiply at me con salve but, takes

forever. "Hack method"

unin rusod

ment reel

? change i to -i in see if expresson changes; mall grue

cordations

41 ca

.?.;

at pant Did

me baue real solutionine te seme

(o-5)4

:. real solution: (cri.d)e - (c-id)e

many suentate i engineers write it this



(arbi)r

to suas ! cosines. Ajan,

there's a hack methel that takes faraver if a better mothed.

Rementers cos a (e''"''") /e

sun a = (e"=e")/zi

= deshpot

Pachpot agun:

m*"= cx'= kx=o

apultine portior

- notation chenge for better formular et end

of p'o, undamped; y"nu." y20; estim.

else demped case me get osullations of rests era complexi

p'-we must be

negatire.

Feet psu

E."lw. "half-perad"

u, panedo-frequeng



if ct, a, d

w. I still pseudafrequency

rossias

Dependences

P- only on oDE

¿ depend on untial conditions

Problem set #3

8) shopping - mathlet regured

a) Warang with the equation in= (1-g)y-a with

a= it, let ya be the stable entical part. Write

a= y-yo for the population excess over equilibrium.

0) Rewrite The differential equation as a differential

equation for 4. Check that the new equation is

agein autonomous and that w=d i a critical

parnt for it.

i= (1- (u=yo))u-yo) -a: no other variabk, antananons



9 coat) b) for small un me can neglect higher powers of

" (like "'). This process in "luncersation neer

equalibrium. What is the Incorsed equation

neer aso? What i the generel solution to

this equation!

?= (1-?+?.) (?-?.) - ?

=«-""- ???-""-??, -? => ?-???-? = ?-?

General solutias to cisu-a = arCé

= At least in this less, where solutions of the

original autonomons equation pet neer equilibrium,

They are well-modelled by solutions of the

bearisation. Giue on approximation of y nees

equilibrien. Use it to ansmes this question:

if y(10) - Jail, estate y("1) E y(13)

y=a-cet/ =7 9(l) i, Je) are expanential dreags off

y (10)

d) Suppose that the laces equetion i -pt) x= q(t)

" autonorams, What can you say about pli)e qlt?

p(+): q(t) cannot detuell vary with non-x

terms - only constants ese allowed for equatio-

to be autonomons

10-12) 10 missing; ll4 i2 use applets



LECTURE II: Theory of General Second-Order Lineer

Homogeneous ODEs

lineer in yij, y" ? y""p(x)y"-q(x)y= 0

solution method for zad-order ODEs: find y, $ ye

indeperdest solutons; ie. yatey, è yitigz

Then all solutions are:

sciner of the giro case

Q'i Why are all Cy, "Eye solutions. y

- THEY'RE

O2: Why does this sover all solutions?

CONSTRUCANG

A VECTOR SPACE.

Q's Superpasstion proncuple:

beses

y., ya are solations to lineer homogencons eg.

? Cy, "EJz is a solution (hineer combinetian)

y"-py' -qy=o

"L"= Ly20

Thank of has a black box: aliLv)

4(4,404) = 14) 14) Jie. his a lear operator

? (ca) = cL (n)

[P. also Inces! ]

=c0+60r



shtion is

" 20

veator space spraned

Q2: why are there all the solutions?

by g. 69z

Detour! Salving the notel value problem.

{cy, +C9a3 is enough to setafy any antrel velne

coaditions

Proof: y (*0) = a

j'(to) = b

ete for b

ply 1n *=*.

Mr J, Is non-singular = 7 someable

now we hove a

air of ince en

1 cur versabl

solvable as long as

Ly, J=

IMl is the "Wronakian" = W(yl, ye)

a funtion of x, because y, jas, ere

funertrans of =

w(y,y.) =

3. ??

?: 9?

Theorem: of y, è ye are edutions to ODE, Wly,, y.)s0

or W(yreje) is never O for any value of t.

{cy, ac,123 = Eciu-cines where anè me are any atker

pare of sad, solations

Finding normalised solutions. Init this Gram-Schmet?

at zero: I, 4 Is satrafy specal untral conditions



I, (0) =1; 7,(0) =0

{½(0) =0; 12(0)=1

Or: y"+y=o

solutions!

Exi j-y=o

? "?"? ????"

gun soletion: y= ge" +çt*

get I, tYr: j'= cre"-se"

:: anee=1

Normalised solutions ore easier to wart with. note

I " cash, i In i sinha. if I, Ia normalised at o,

solution to NP ODE " yCo) = Jo

= J. I, "y" In e nanndizing solations instarty

solves ang set of ma.cons.

Q2 ANSWeRED: Erratcaca y miquences theorea!

y""py"gy=o = cosure pila cont for all y

There is one i only one sla sit. yo) A ja)= B



If me mart all solutions to OBS, clam CZ- Cila

contars all contions, Because guner solution u(s),

LECTURE 12: General Theory for Inhomagencons ODEs

y"-P(x)y-q(x)y= f(x)E up until now thus has been

morth a will Zero for honeganeous cquations.

be time, fla,s

mput/ signal/forcing term

solution is the "response" to the put, we cannot

get solutions anthort understanding the sortion to

the equalent homogeneons equation y"" P(x)y'+ qu)3:0

y=c, y. +czy= (homogereous / complementay oln)

Ex:

Exi

forced system

LI+ Ri?Ye=E(s): g'=i

nanagersons ease es "passive" systan

~ forced



Theorem: Ly= f(x)

LI zod ander lucer apenatos

Ye o a particular solution

? fund yn

2) find yp: ang one edution

need to prove thet ypt ay, tele are solutions

? adlation

:satrofy 4(y)=fcx)

need to prove tve ese no otter soletens

4(*) os a soletras, 30 4u) = f(A)

L (u'-ye) = 0

?. ?-??-?.?, ??, 92

:u in solutios space

So to solve homogencous equatars, me just recol to

Fod yo. (this o hard twangh! Let's see of wa can

rolate thas to fured arder equations witt constant

17o judo es t?a, tranent é sis, ye

1=o In domnates as t?o so na transiento or steady

state solutions. Home da me relate the to ligher-achar ODEs!



jagp +94= yu contens entral conduties

can me note Gyz ge to O as tres!

of this is to, the 00f i called "syphticaly stable",

and me have a steady-state i a transient agar.

How do we tell of an ODE in stable!

chara. roots

solutions

stability condit.on

r'ère negetue

==°z

= negative

r=a$bi

An ODE is stable of all the characteristic roots

have negative real pert

LECTURE 13: Finding Particular Solutions to Inhamagencons

Equations

cy, "6202)

y"Ay'=Bj f(x); find a port solution yei gun de yo'yn

important oh. ardes: e(a often ng), safcos ux, elEva/conwry

specal cases of elatim)/e"' (a compler!

y"-Ay'-By= f(x) ? D+AD+B)y=f(x)

Gust smep a for p!

p(D)c'*- P(oL)e'' - obnons by incenty é differentiation

= D'e*", ADe *"BC""

fr D i D': alo true for P(P)



Exponental laput Theoren

for y'-Ay'-B=e"" ? y'= e'"/p(a)i pla) 70

Poof: p(P)ype e

PKa)"*

P(D) = /P(x) =

PC = ea*

Ex: y"-y'=zy= 10e sinx

C complemefied

(-1-i)x

fund particaler cation: (D'-D+2) 5= 10e

(-1+)

Ip= 10 e

sance loé" sin y is leagueery port of loc''''''

(1)=

, us need

maginery part of Up real

Jp= l0e

(-171)/1(1-1)=1-2]+L-i-i-i])=

? 5?

What happens when P(Ol) us zero! Exponential stuft Rule

[ere gong to call "a"'"a from nom onl

P(D)c'""(*)= e"*P(D==)U*

Proof: Special Cesc? P(D) ? ?> Deuce'"'Du-ce"

Nom of it alto warks for de elmays trae by lin.

(guneralised to higher-arder by induction)



sa of P(a) =9, (D*= AD-B) yee'*

??" xcay/p'(a). of a is a supl root, P'(a) $ 0

of a is a double rost...

y"""'e"/p"(a). for highes-arder keep going s

Proof - simple rost case

P(D) = (D-b)(0-a) with bra

P'(D) - D-a+D - 6 => P(a)= a-b

Ex. y"-3y' +Zy=e"

(a-b)

I a a simple coot of D"-3012

LECTURE 14: Interpretation of Exceptional Case - Resonance

P(D): formal polynamal in Dè, a linser operator on

functions like y (+)

We need to be comfortable of duel role!

§(+) - exponentia (sh) e

P(a)=0

p'(a)=o

te

8(a) =

t'é"*/p"(a) = ete.

Resonance: what does this have to do with ODEs?

or forcing term, w, twe

not. freq.

(complete fy

ie,t



Bug amplitude resparte of duving frequenny " actual frequency

For w=w, i (D'-w"") y = cose.t

in, as a suple tese of D'an?

Rc(Jp)=+ 3n(m.+)/2m. = 9p

sa oscilation constransed veg

=/zm. lines

5-x/2wo

Remember: eny solution of an particuler solution!

hacer combo of yu is velad"'

= O:

lom

"?w.

- Zu,

=.?.

l'u-potel

bau,t a=u.t

vaguns amplitade sin

E constrant corre

period ?-

« w, -u.



Damped Resonance

domes fay

!. nat. freg. of undamped systen

us: psendofequency (page 38)

)

damped yo

prob: which we glues max explitade of response?

LECTURE 15: FOURIER SERIES (INTRODUCTION)

So for we've been working with y""ay'+by=(f) with sole

y+) the response to the mput fff) - but that input had

almays been exponental Are me only dealing with special

cares. Fourer Seres slow that any flt which "

peradie i not tas discontinuous can la represented ee an

infrote one of sus f cas.

f(+) = e + Era, comt-basunt

haput

cos (nt)

where a is frequency

Response

Ja (+)

(6)

?? (t)

superposition proscople;

ODE is leer

?. (t)+ yo

6 (+)

ang (+)

a cos (at)

(C+)

forter ques un response to ey parade fuction of perad



Today weill learn to compute faner senes for persedic

functions.

"(+), "(t) functions on TR

(say 28 or a perad)

There functions one orthogonal on I7=] P Just)at=o

-cos mt 0?00 vlt

doesn't cort if u =u

any two destinat matances of these fuctans are enthagonal

on L-T,*].

Why is this! May ways to prove. Try dertities, complex

exponcntials... or use the ODE. This method is generel for

orthoganal factious rathes then jast sins and cosiner.

Assure mAn; sun nt, casat setisfy u"

bet and von be any the of the fuchers

~ extremely armstre; need to integate by parts for balancey

of esther is

(0s -77

"gametre;

ryanaters

not symeetere

The proof is that the only may for

the symmetry conditions to resolve Is

? Sustadtio for met

- 7



What about min?

I cos nt suat di = o

Gives f(+ with 2e pered we ned to find an i be

f(+)=... * a coskta... "a, cosmt a...

some ofher

Ntera we went

term

Feast : ... " au cos let cosnt ...." an cos nt "...

this is the arly term tet sumves!

similarly

Don't forget the constant term so

Jaare are ? coat test

EX: Square Ware

an= a

= 3(1- (1))



LECTURE I6: Fourner serres Contraned

n81

2a» -persod

FEt) = S(+? FS for fa PS for 6

Corace me hame formule for an ? ba)

Calculate fourier serres forl

- 7

Coulations de very

nolued - hou do me

shorten?

- Tr

Man trick for simploication: usc everness è address

D f(t) evel ? fonner seres conteras only cos teras

ECt odd ?

sin terms

0 f(+) =

Shou by'

nal

fr-+) = FG)

Estays same when

Ps F(+) =/za Bancasat-basunt

F

But F(-+)=F(t) : Fs §(-+) = Fs f60) => ba=0

?le la aqueness of fourisr serres



iF f(+) " even, f(t)cosat also even

7+

584 ? 2584 for eras funtin

(60:0) for ever functiona

Da= 7184)tiaat do (9=0) for old functions

th., " odd radd fuston'=> ever!

Back to this!

abrarely This is

so an ?0

odd fact.sr

- tr

fouaner i not trang to

approvnate furchans at o-t

over an interval not a porat

each sucessive tera corrects

over the nterval



Theorem: lf fis contanons at toe then f(tis

equal to the sun of the fomer seres of ta

of fis not contanuas at to, it isn't :

of fras a jump discontinunty et ta, fis, converges to

the modporst of the jump

2 an = (8) late ike...

radpout: east shaue by suet =om

too case

Exterdug Fourer Seres

?) Penad is 2L

case natural functions con #+

- +

this wa a simple rescaling of the taris to make hot

F6)= I. ances not eaten on moth

in smap in for of and rescale i by the everywhere



2) We've been talkang chout perradic fractens, baut anotter ug

of consedeny this is functions with a fate intervel of intorest.

We can just make suck a function peradic!

If f(t) defined on [0, 4]... perradi extension!

Example: +

Bose

Even

odd

? Li

LECTURE 17:

The wave form

f(r)

4 but we're able to take the

-note triad

call A CEG

waveform and decompose t

automatically

How does the bran actually achive hearing the univedwal

Notes rather than a mess?

f(+)

What is this founer fred! It's neither even nor odd on

last lectate's tricks don't work.



Observe that lowering the wore by Ye makes it an

odd furation! f(t) ? s(t) is a vertical shaft. In a

previous lestare me solved a square mara.

whuck looked

like this:

+

f(+)

?

Now we want to sole the a cous agenest the t aris

to rescale S(+)'s

pered to 2o.

F(x) = s(+) * ½

g(1) = $ p(4)

add

*' =u.

2

- fund a particuler sedation op

can find *e

"fra

cos ust l sin not or some multiple

*p° Ecos wt ll a ut}/(W."-uo)



for period fer)

as 21

then we have the ensues by boneer amperportion!

If espurt is

f(+)

Natural frequery ? = 10

- sin Set/ (100-257)l

= 0.05 + 001 sin aT = 0.015 sin 3781- somethig neglgite.

in. the frequencies that make up the response do not

occer with the same amplituck, neer-resonance occurs

when ns3

frequencies in f(t) are holden but system packs out

¡ resonates with the frequencies closest to da natural

frequancy. our inner eer vibrates according to f61) and

the cackles has sensors tuned to natural freguencies.

when complex fft) huts, the sensors respond to signels

close to its matmel frequency.



Bool Method: uses d.fferentratron of f.o. term lay term

so knowng the general undasped response is not repuired.

Assume solution of form Apist Sha sientt

What and cas? Subrtitute note the ODE!

i come an= in us-Cus a sane enema on before

LECTURE 19: The Laplace Transform

(nb: Lif mangleble)

The haplace Tranform comes from a power series

Ean x"= A(x)i or

E, a(a) *'= Ax

Na fartion on the discrete variable

A 6 IN, mth a(a) E TR

1 muna Tx,

What is the continuous anclogue of these power

senes?

n= 0,1,2,...

?+ where oftsa



summation over continuous variables is replaced by

integration, so the equinelent to {ac1)x"

= A(x) for

our contuous verable + is:

Ethis is undreasant:

** Is not fun to integrate.

but! x=e

"* ¿ x*= (e"*)

Note that this integral cannot converge of X al, and

* is positive to avard complex numbes.

06x61, In x 40. Let 83-1x

Now let the integral be (switched to f for

functions)

This is the Laplace Transform!

Note that were using an input f(t) and getting

an output F(x) - two different varables. This

is because the Laplace Transform is a transform,

not an operator!

EG, TRNSFORM

Fortunately it's a

Incar transform

fG+).

g(t)

OPERATOR



2(F(+)) = FE) or fEt) ~~~> FG)

by linearity, 2(f+g)= Z(F)=5(g)

L(cf) = cZ(f)

(because the integral is a lnear operator)

Examples:

$1

R?co

what happens if 360? this question

"Bearingless

eat~

O instead of calculating directly, we're going

to look at L (eS()) = 0

-(s-a)+

= F(s-a)

(for sza, assumng Fs) s70

at

4 e

F(t) ~s F(6-9) Exponential shaft formale

:: @ = %(s-a)

We can extend the result in I to compley

numbers, so (eCarti)) = /Cs-(atbil) 571



cos at = e

iat, c' iat

2

:: I (cosat) = ? z(eisty, ?t (eint)

- #(sta-sia) - flupig the sign of i lecies

the sum unchanged, : ree

/(sta"); 870

¿ 2(an at) = a (5"=a"); 570

Invertung Laplace Transforms is unpleasant and

involves dealing with partial fraction decompositions.

Y(5(5+3) no?

- 13

S+3

2 (+°) = 1

(Integrete lay parts, diffrentiate t' term?

= St'e=stat

integrate e'st

(sro)

0) 3(119)

O by = applicatios of L'Hapital
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